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Abstract 
 
High temperature gas separation is attractive in chemical engineering processes, as it reduces the 
energy penalties associated with cooling down requirements with conventional gas separation 
technologies. Among potential novel technologies, inorganic membranes based on molecular sieve 
silica have performed well at high temperatures. The majority of the work in this field has been 
carried out for small laboratory membrane modules, under special conditions where fluid flow 
effects are negligible. However, fluid flow has a significant effect in the performance of large multi-
tube membrane modules, which in turn tends to affect the industrial performance of these systems 
in terms of gas production and separation. Therefore, to addresses this gap in knowledge, Matlab 
was used to develop a 2D CFD cylindrical model based on the Navier-Stokes equation. However, 
CFD does not account for discontinuity caused by the membrane. In order to take into consideration 
the driving force for gas permeation and fluid flow dynamics on both feed and permeate domains, 
the CFD model was coupled with microporous transport phenomena Maxwell-Stefan formalism.  
 
A cylindrical 2D CFD model combined with membrane mass transfer was applied to simulate 
H2/Ar separation, and validated for a large module. Results show that the H2 molar fraction was the 
most influential factor affecting the driving force. High temperature conferred high H2 
fluxes/permeance in the case of single gas permeation, thus complying with activated transport. 
However, H2 fluxes were greatly affected in gas mixture process, attribute to the reduction of the H2 
driving force where temperature played a minor role only. Nevertheless, the H2 purity was not 
significantly affected due to the molecular sieving characteristics of the membranes. The 2D model 
simulation results clearly indicate that the concentration polarization is negligible in these operating 
conditions. Therefore, 2D model simulation can be satisfactorily represented by 1D model 
simulation. 
 
A transient 1-D model was also developed to investigate the effect of operating conditions such as 
feed flow rate, feed pressure, and flow configuration. Changing these parameters led to different flows 
and H2 fraction distributions in the feed domain, thus altering the driving forces for the preferential 
permeation of H2. Confinement changes associated with altering the module radius did not 
significantly affect H2 yield, purity and recovery. In addition, it was found that the counter-current 
were effectively the same as the co-current flows. The introduction of diffusion in this transient 1D 
model differed from other 1D models reported in the literature for liquid and gas separation at room 
temperature. Diffusion was paramount and the transient 1D model was validated against 
experimental work, thus confirming the major role played by gas to gas diffusion for high 
II 
 
temperature gas separation. This model proved to be useful in engineering design, as it was further 
applied to examine the separation performance by varying membrane length and membrane 
arrangements for a multi-membrane system under several operating conditions.  
 
Further work was carried out to understand the microporous mass transfer using the Oscillator 
model, which accounts for the energetic potential distribution of a gas molecule in micropores. This 
model takes into consideration the microporous information (i.e. membrane material, pore size, gas 
molecule size) to the macroscopical results (i.e. permeability, apparent activation energy and heat of 
adsorption). Due to the positive apparent activation energy, it was found that He with a Lennard-
Jones kinetic diameter of 2.6Å could diffuse through pore sizes of 2.1Å. This was attributed to the 
kinetic energy supplied by the high temperature gas permeation tests, thus providing the He 
molecule to diffuse through pore sizes smaller than its kinetic diameter.  
 
In addition, the oscillator model was also used to validated further experimental work was carried 
out at the Imperial College (UK) to determine the effect of mercury (Hg) on gas permeation in 
microporous membranes. Industrial gas separation, such as syngas in coal gasification, contains Hg 
in ppm concentrations. It was found the Hg changed the transport phenomena of N2 diffusion. The 
effect media theory (EMT) combined with the Oscillator model was used to investigate this 
phenomenon. It was found that Hg strongly adsorption/condensed in the micropores at 100˚C and 
therefore greatly reduced the N2 permeation, contrary to the minor effect at 300˚C as Hg 
adsorption/condensation was no longer prevalent. 
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Chapter 1 Introduction 
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Chapter 1 Introduction 
1.1 Problem statement  
The production of many industrial gases involves high temperature reactions. This is the case for 
hydrogen production in natural gas reforming or coal gasification processes where temperatures are 
well in excess of 500
o
C. Subsequently, there is a need to separate hydrogen from other components 
in the syngas mixture. This is generally carried out by using conventional separation technologies 
such as solvent absorption or solid sorbent materials. Although these technologies are now mature 
and work very well, these separation processes operate best at low temperature preferably below 
50
o
C. As a result, these mature technologies require a large amount of cooling energy to operate 
effectively at low temperatures, which then greatly affect operating costs. In this case, high 
temperature gas separation technologies are attractive, as it reduces the energy penalties associated 
with the cooling down requirements that are encountered by conventional gas separation processes. 
Among the potential novel gas separation technologies, inorganic membranes based on molecular 
sieve silica have performed well at high temperatures [1-3]. 
However, the majority of the work published in the literature for silica derived membrane gas 
separation process has been focused on single gas permeation. These reported works have 
investigated transport properties of membranes based on pore sizes delivering relatively low (<5) 
ideal Knudsen selectivity [4, 5] or very high (>1000) permselectivities [1, 6, 7]. Although single gas 
permeation is important to understand the transport phenomena of gas diffusion and adsorption in 
microporous silica membranes, the ultimate purpose of these membranes is separating real 
industrial gas mixtures instead of single pure gases. Hence, there is a major gap in the literature 
showing only a limited number of publications reporting gas mixture separation. A few papers 
published in this area suggest that separation values for gas mixtures are always lower than those 
reported for single gases [8-11].  
A second knowledge gap in the literature is associated with modelling transport phenomena for 
large membrane modules. The majority of the work published in the literature has covered special 
operating conditions of single gas processing, such as temperature and pressure, in addition to using 
a single membrane with small membrane surface areas (tube premeter×tube length) generally below 
10 cm
2
. The general approach in these works has been the optimization of performance in terms of 
fluxes (i.e. production) and separation factors (i.e gas purity) by materials investigation (i.e.  pore 
size, pore volume, surface area, surface property) and reducing the thickness of membranes [12-14], 
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as gas fluxes are inversely proportional to thickness. In the majority cases of these small scale 
laboratory works, the space velocities have been very high in order to avoid changes in 
concentration profiles to maintain driving forces constant for gas permeation. In reality, industrial 
modules for processing gas mixtures will contain several membranes, will be long and 
concentration profile is envisaged to change along the length of the module. Hence, industrial gas 
mixture separation may differ from the laboratory results obtained under ideal conditions for single 
gas separation based on operating conditions such as temperature, pressure, gas composition, gas 
flow rate, gas type and properties, in addition to the optimized membrane properties [10, 15]. This 
could be attributed to the competition of adsorption [16-18], concentration polarization [19-21] and 
the interaction between gases [22-24]. In addition, the design of industrial membrane modules may 
involve an array of arrangements by varying length, number of membranes, spacing between 
membranes and diameter of tubes, which in turn can also affect gas separation performance. 
In order to understand the influence of the operating conditions and module design on gas 
separation, a complete understanding of the behaviour of gas molecules in tandem with membrane 
arrangement requires full investigation. Computational Fluid Dynamics (CFD) is a potential 
modelling tool which can be used for this purpose, though a large amount of CFD works in the 
literature has been focused on liquid separation instead of gas separation. To date, CFD simulation 
has been carried out on a few limited publications for molecular sieve silica [25], Pd [15, 26, 27] 
and polymeric [28-30] membranes. These research groups showed the significant benefit of 
distributed-parameter simulation in modelling membrane gas separation processes, thus replacing 
the averaged or “lumped” parameter model. However, these membranes operated under different 
diffusion mechanism such as solution diffusion (polymeric and Pd membranes) and sorption 
diffusion (molecular sieve membranes) and generally were applied for small laboratory scale 
conditions.  
Recently, the FIMLab (Films and Inorganic Membrane Laboratory) at the University of Queensland 
has reported single and binary gas separation at a large scale containing multi-tube arrangement of 
eight molecular sieve silica membrane tubes assembled in four parallel lines operating up to 500
o
C 
for 2000 hours [8]. This type of membrane module is the first proof of this technology at a 
significant scale (~500 cm
2
), contrary to small scale membrane systems generally reported in the 
literature. As such, it opens up a window of research opportunities to address fundamental questions 
related to the performance of gas processing and scaled up membrane modules. Therefore, to 
address the knowledge gaps associated with gas mixture separation and transport phenomena in 
large membrane modules, in this thesis CFD modelling is developed based on the Navier-Stokes, 
continuity and solution equations. However, these equations cannot be solved if there is a 
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discontinuity in the flow of gases, which in this case is the membrane. Hence, the gas permeation 
equations through microporous membranes were written in Matlab as source and sink terms. As the 
permeation concentration profile is affected by the feed concentration profile and vice-versa, and as 
consequence affecting the driving force for gas permeation, the CFD and permeation models were 
coupled in Matlab to simulate the gas to gas diffusion, gas diffusion through the membrane (to the 
permeate side) at several conditions of binary gas fractions, temperatures and pressures. The 
simulated results were validated against experimental results obtained for the large scale membrane 
module [8]. 
A third knowledge gap associated with silica derived membranes is the determination of the pore 
size for gas diffusion. Due to the amorphous nature of silica matrices, there is a pore size 
distribution which can be determined empirically by gas permeation using gases with different 
kinetic diameters such as He (dk=2.6Å) H2 (dk=2.89Å), CO2 (dk=3.47Å) and N2 (dk=3.6Å) [31]. 
Characterisation of silica structures can be carried out by nitrogen adsorption using bulk silica 
xerogels. However, the N2 molecule cannot enter smaller pores than its kinetic diameter, so limiting 
this characterisation technique. More complex characterisation was carried out by Duke et al. [32] 
using Positron Annihilation Spectroscopy (PALS) showing that amorphous silica matrices have 
narrow tri-modal pore size distribution at 2.5-4Å, 6.7-7.8Å and 12-14Å. Nevertheless, due to the 
complexity of PALS, nitrogen adsorption is the characterisation technique of choice to determine 
pore sizes. However, nitrogen adsorption is generally used as a qualitative approach as the 
properties of a deposited thin film silica membranes (40 to 60 nm each layer [33-35]) differs from 
bulk xerogel, due to non-equivalent gelation and drying conditions [36, 37]. 
Therefore, the best technique to characterise the pore size of deposited silica thin film is still by 
molecular probing. However, gas adsorption plays a role in the diffusion of gases through 
micropores in silica films and again using molecular probing the pore size determination is again 
qualitative. To address this knowledge gap, this thesis using the oscillator model to correlate the gas 
permeation and adsorption with pore sizes. The oscillator model [38, 39] uses Lennard Jones 
parameters and fundamental gas and silica physical properties to determine the potential of a gas 
molecule in the pore. 
Finally, industrial gases may contain condensable vapours. For instance, mercury (Hg) is commonly 
found in coal gasification streams at low concentrations up to 50 ng L
-1
 [40, 41], though depending 
on the quality of the coal used. However, the effect of Hg as a condensable vapour in microporous 
or ultra-microporous silica membrane is not known, and it is a fourth knowledge gap associated 
with processing industrial syngas. To address this, membranes were tested at the Imperial College 
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(United Kingdom) in special laboratory facilities for gas permeation containing low concentrations 
of Hg at varying temperatures. N2 was used as a subrogated gas in view of the safety limitations of 
using H2 at the Imperial College. Xerogels were also tested for Hg adsorption under similar testing 
conditions. To further understand the effect of Hg on gas permeation, the oscillator model was used 
and coupled with the Effective Medium Theory (EMT). The simulated results based on the 
oscillator model and EMT theory were validated against the experimental results to provide 
fundamental understanding of the effect of condensable vapours in microporous diffusion. 
 
1.2 Research aim 
The main purpose of this work is to provide a fundamental understanding of processing industrial 
gases using microporous silica derived membranes. Hence, fundamental models were developed to 
address the following questions namely: (i) How does the fluid dynamics influence the driving force 
of separation?, (ii) How does the module design and membrane arrangement affect the separation 
performance?, (iii) How does temperature affects the membrane mass transfer?, (iv) What are the 
pore sizes of microporous silica membranes for gas permeation?, and (v) What is the effect of 
condensable Hg vapour on gas permeation in microporous membranes? By addressing these 
questions, the contributions to knowledge by this thesis are: 
 The fluid dynamics play a major role in membrane mass transfer for large membrane 
modules. This is attributed to the fluid dynamic properties of the gases at high temperatures 
(up to 500˚C), particularly related to the extremely high gas to gas diffusion.  
 At high temperatures (200 to 500˚C) simulation, concentration polarisation is negligible. 
Therefore, the radial concentration variation is not significant and the 2D model simulation 
can be satisfactorily represented by the 1D model simulation. 
 The CFD model coupled with the membrane gas permeation model developed in Matlab 
were validated for a large membrane module containing eight membrane tubes. Hence, the 
developed model can be used to predict gas permeation (i.e. production) and gas purity (i.e. 
quality) under several operating conditions such as feed gas fractions, temperature, pressure, 
flow rates and membrane arrangement such as the number of membranes, the length of the 
membrane/module and the diameter of the module.  
 Determination of average pore sizes for permeation of gases with different kinetic diameters 
by using the oscillator model and experimental gas transport and adsorption data, together 
with physical properties of silica structures.  
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 Showing for the first time the effect of condensable vapour (Hg) on gas permeation through 
microporous silica membranes. The oscillator model was coupled with the Effective 
Medium Theory to fundamentally explain the observed phenomena and to validate the 
experimental results. 
 
1.3 Thesis Outline 
This thesis is divided into eight chapters and follows a thesis by journal paper publication and 
conventionally written chapters as follows: 
Chapter 1 – A brief introduction to the thesis theme, including a discussion on problems faced by 
gas separation at high temperature and knowledge gaps associated with separating industrial gases 
using large membrane modules. The general approach to address these knowledge gaps is stated 
together with the contribution of this thesis to knowledge. 
Chapter 2 - Review of the literature focusing initially on the development of computational fluid 
dynamics (CFD) modelling for hydrogen separation by membrane. CFD model in gas phase, 
membrane mass transfer mechanisms, concentration polarization and several other relating issues 
were addressed.  
Chapter 3 - Developed a two dimensional cylindrical CFD model coupled with Maxwell Stefan 
membrane mass transfer formula. This model showed the fluid dynamics in the gas phase of a 
membrane separation module, the degree of concentration polarization and also the driving force 
variation along the membrane. 
Chapter 4 - Developed a transient model to simulate the binary gas mixture separation process. 
Engineering parameters such as feed flow rate, feed pressure, module size and flow configuration 
were systematically varied in order to optimise the separation performance promoting three main 
goals: H2 yield, H2 purity and H2 recovery. 
Chapter 5 - Using the model developed in Chapter 4, this chapter studied the influence of 
membrane length, the arrangement of membranes (long single membrane and short parallel 
membranes), and the space velocity of gases in the scale-up design for the prediction of H2 
separation processing. 
Chapter 6 - Studied the mass transfer in microporous material. The oscillator model in conjunction 
with diffusion and adsorption data was used to determine the average pore size of the material. 
Chapter 1 Introduction 
6 
 
Chapter 7 - Coupled the oscillator model with the Effective Medium Theory to explain the transport 
phenomena of gas diffusion effect in the presence of condensable mercury vapour in microporous 
silica derived membranes.  
Chapter 8 - Conclusions based on major findings and recommendations for future research work. 
Appendix - Matlab codes for Chapter 3 and Chapter 4. 
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2.1 Introduction 
Chapter 2 is a literature review. This chapter begins by reviewing the history and current research of 
the computational fluid dynamics (CFD) application in membrane gas separation processes as fluid 
dynamics has a significant influence on the overall performance of gas separation. This literature 
review covers topics from Chapters 3 to 5. Chapters 6 and 7 focus primarily on the microporous 
membrane mass transfer, and respective detailed literature review about membrane mass transfer is 
provided in sections 6.1 and 7.1 accordingly. 
2.2 Contributions 
Chapter 2 is included as it appears in Frontiers of Chemical Science and Engineering, 6 (2012) 3-12. 
This chapter is wholly my own work with the exception of the contributions by Prof. João C. Diniz 
da Costa, A/Prof. Guoxiong Wang, Dr. Kamel Hooman and Prof. Suresh Bhatia in the advisory 
capacity. 
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Chapter 3 Fluid Dynamics Investigation 
of a Large Gas Separation Module by a 
2D CFD Model 
 
3.1 Introduction 
In this chapter a two dimensional (2D) cylindrical CFD model was coupled with mass transfer 
transport phenomena to simulate high temperature gas separation. Simulated results were validated 
against a large membrane module in order to explain the effects of single gas and gas mixture 
permeation/separation. The simulated H2/Ar binary gas mixture showed that the fluid dynamics in 
the both feed and permeate sides played a major role due to the large gas to gas diffusivity. As such, 
concentration polarization was negligible and the 2D model could be satisfactorily represented by a 
1D model.  
 
3.2 Contributions  
Chapter 3 is included as it appears in Chemical Engineering Science, 111 (2014) 142-152. This 
chapter is wholly my own work with the exception of the contributions by Prof. João C. Diniz da 
Costa, A/Prof. Guoxiong Wang, Dr. Kamel Hooman and Prof. Suresh Bhatia in the advisory 
capacity. 
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Chapter 4 The Effect of Operating 
Conditions on Binary Gas Mixture 
Separation Performance 
 
4.1 Introduction 
The operating conditions alter the fluid dynamics properties of gases at high temperatures, and 
consequently affect the mass transfer across the membrane. This chapter systematically investigated 
the design of large membrane modules by considering feed flow rate, feed pressure, and flow 
configuration by a 1D transient model (only considering axial-directional variation). The simulated 
results for these important parameters provide performance assessment in terms of process 
engineering for trade off outputs of H2 yield, H2 purity and H2 recovery. The confinement effect by 
varying the module radius, or the flow configuration (co-current or counter-current), delivered no 
significant variations in these outputs, attributed to the high gas to gas diffusion at high 
temperatures.  
 
4.2 Contributions 
Chapter 4 is included as it appears in Chemical Engineering Journal, 218 (2013) 394-404. This 
chapter is wholly my own work with the exception of the contributions by Prof. João C. Diniz da 
Costa, A/Prof. Guoxiong Wang, Dr. Kamel Hooman and Prof. Suresh Bhatia in the advisory 
capacity. 
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Chapter 5 Scale-Up Design of Cobalt 
Oxide Silica Membrane Module for 
Hydrogen Processing 
 
5.1 Introduction 
This Chapter used the transient 1D model to investigate the performance of large membrane 
modules based on geometrical aspects such as the length of the membrane tube, and the number of 
membranes in parallel configuration. It was found that excessive area affects the H2 purity in the 
permeate stream, thus compromising performance as the module is over-designed. To compensate 
for the reduction of the H2 purity, the feed gas velocity can be increased though H2 recovery is 
reduced. The feed H2 fraction can also be improved by recycling and likewise H2 purity. This 
chapter shows fundamental considerations in terms of engineering membrane module design in 
tandem with process engineering performance. 
 
5.2 Contributions 
Chapter 5 is included as it appears in Processes, 1 (2013) 49-66. This chapter is wholly my own 
work with the exception of the contributions by Prof. João C. Diniz da Costa, A/Prof. Guoxiong 
Wang, Dr. Kamel Hooman and Prof. Suresh Bhatia in the advisory capacity. 
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Chapter 6 Activation Energy Study of 
Gas Permeation through Amorphous 
Cobalt Doped Silica Membranes 
 
 
Abstract  
 
Cobalt oxide silica membranes were prepared and tested to separate small molecular gases such as 
He (dk = 2.6Å) and H2 (dk = 2.89Å) from other gases with larger kinetic diameters such as CO2 (dk = 
3.47Å) and Ar (dk = 3.41Å). In view of the amorphous nature of silica membranes, pore sizes are 
generally distributed in the ultra-microporous range between 2.5 and 5Å. Therefore, this chapter 
endeavours to determine the pore size of the by using the oscillator model and correlating with the 
experimental results such as gas permeance (i.e. normalised pressure flux), apparent activation 
energy for gas permeation and heat of adsorption. Based on the oscillator model, the apparent 
activation energy suggests that He could permeate through very small pore sizes with dimensions of 
d = ~4.90Å (i.e. distance from oxygen atom centre to the opposite oxygen atom centre), equivalent 
to an accessible diameter of di = ~2.1Å as pore size from surface to surface. As the kinetic diameter 
of He of 2.6Å is larger than the pore size of 2.1Å, this strongly suggest that He diffusion through 
these small constrictions was possible due to high kinetic energy promoted by the increase in 
external temperature. It was interesting to observe changes in transport phenomena for the 
membranes exposed to H2 at high temperatures up to 500 ˚C. This was attributed to the reduction of 
cobalt oxide, and this redox effect gave different apparent activation energy for H2. The reduced 
membrane shows lower apparent activation energy and higher gas permeance than the oxidised 
membrane. These results suggest that the mean pore size for H2 permeation enlarged from 
approximately d = 5.24 to 5.30Å, equivalent to di = 2.44 to 2.50Å. Hence, this work shows for the 
first time that the oscillator model is a potential tool to determine the average pore size of silica 
derived membranes from experimental gas permeation data. 
6.1 Introduction  
 
Recently cobalt oxide silica membranes were investigated for scaling up and long-term gas 
permeation operation over a range of temperatures for 2000 hours [1]. These membranes proved to 
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be stable, delivering high performance, where permselectivity values of hydrogen and nitrogen 
reached close to 1000 at 500 ˚C. The cobalt oxide silica membranes showed superior gas separation 
than conventional pure silica membranes. In particular, the pore size structures containing both 
amorphous silica and cobalt oxides resulted in constrictions in the order of 3Å, which allowed the 
diffusion of smaller molecular gases such as He (dk = 2.6Å) and H2 (dk = 2.89Å), whilst hindering 
the passage of the larger molecular gases such as CO2 (dk = 3.3 Å) and N2 (dk = 3.65 Å). The cobalt 
oxide silica membranes proved to deliver excellent gas separation factors at least one order of 
magnitude higher than pure silica membranes.  
 
When the pore size of membranes can be controlled to ultra-microporous dimensions of 3Å, 
molecular sieving transport prevails, which is temperature dependent. This is a unique characteristic 
of molecular sieve transport, as the permeance of the smaller gases (He and H2) increases with 
temperature, whilst that of the larger molecular gases (CO2 and N2) decreases. Hence, in principle 
the apparent activation energy for the permeation of He and H2 is positive, whilst for CO2 and N2 is 
negative. Table 1 shows the apparent activation energy results for silica derived membranes 
reported in the literature. The variations in these values are observed to range from 20 to 2 kJ mol
-1
 
for the permeation of He and H2, and 11.88 to -20 kJ mol
-1
 for CO2 and N2, respectively. These 
variations are attributed to the silica derived membranes having different structures, compositions 
and thickness, coupled with different experimental testing conditions. Nevertheless, if the apparent 
activation energies for the permeation of CO2 and N2 become neutral or positive, this is generally 
interpreted as the broadening of the pore size distribution of the silica structures, in addition to 
increasing the pore diameter of the silica constrictions that control the gas selectivity.  
 
Table 6.1 - Apparent activation energies (kJ mol
-1
) for silica membranes. 
 
 
 
 
 
 
 
 
 
 
Reference H2 He CO2 N2 
[2] 16.4 to 17.1 16.2 to 17.1   
[3] 2.2 2.8 −9.8 −5.4 
[4] 15.4 to 19.4   8.5-11.9 
[5] 12.8 20.7 −20  
[6]  9.5  −5.0 
[7]  13.6   
[8] 6    
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Smaller gases (He dk = 2.6Å, H2 dk = 2.89Å) always have higher apparent activation energies than 
larger gases (CO2 dk = 3.3Å, N2 dk = 3.64Å) in silica membranes, and the cobalt doped silica 
membranes have shown to increase further the apparent activation energy difference between the 
smaller gas and the larger gas from 20.7 kJ mol
-1
 (He) to −20 kJ mol-1  (CO2) [5]. In some cases, it 
is observed that apparent activation energy rises if the gas is changed from dry to wet [6]. In other 
cases, sol-gel derived ceramic membranes displayed opposite activation energy trend to silica 
membranes [9] as the apparent activation energies of 14.9 kJ mol
-1
 and 6.1 kJ mol
-1
 are measured 
for H2 and CO2, respectively. Different transport behaviour has also been reported for silica glass 
membranes [10] giving diffusion activation energy values of 0.52 kJ mol
-1
 and 9.9 kJ mol
-1
 for He 
and CO2, respectively. Therefore, high temperature is seemed as a preferred operating condition. In 
addition, high temperature separation also avoids the energy penalties associated with cooling down 
gases in industrial processes. In other words, the operating conditions, membrane precursor 
materials and preparation methods can affect the apparent activation energy for gas permeation. 
 
The apparent activation energy through silica membranes is generally interpreted via an adaptation 
of the original Barrer’s model [11] on the diffusion of gases via microporous crystalline structures. 
For amorphous silica membranes, the apparent activation energy is a function of the energy of 
diffusion and the isosteric heat of adsorption. In order to further analyse the activation energy, Xiao 
and Wei [12-14] theoretically introduced the calculation of activation energy from a microscopic 
view, which was subsequently used by  Shelekhin et al. [10] to calculate the activation energy for 8-
oxygen atom pore. Hacarlioglu et al. [15] also studied the apparent activation energy of He and H2 
through silica membranes and found that the activation energy of diffusing molecules is a function 
of material and also the distance of oxygen atoms which form the pores. For instance, vitreous glass 
is assumed to have 5- and 6-membered siloxane rings, whilst silica membranes may have 6- and 7-
membered siloxane rings [15, 16]. Molecular dynamic simulation has also been carried out to 
investigate the gas permeation process through amorphous silica membranes [17, 18]. It was 
reported that the apparent activation energy depends on the membrane density. The thermal 
vibration of oxygen atoms in a silica membrane also has an impact on the apparent activation 
energy.  
 
The determination of pore sizes in silica derived matrices is generally carried out by conventional 
characterisation techniques such as N2 adsorption. This technique uses xerogels (i.e. dry gel) which 
is generally gelled in bulk. As bulk evaporation and gelation is very slow compared to thin film (30 
nm thickness) deposition on substrates, it is known that the structures of xerogel and thin film are 
not equivalent. For instance, the properties of a deposited thin film may be quite different due to 
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non-equivalent gelation and drying conditions [19, 20]. Hence, N2 adsorption is generally used as a 
qualitative measure of thin film structures. Other more complex techniques have been applied to 
characterise xerogels and thin films. For instance, Duke and co-workers demonstrated by using 
Positron Annihilation Spectroscopy that amorphous silica matrices have narrow tri-modal pore size 
distribution at 2.5-4Å, 6.7-7.8Å and 12-14Å [21]. Another technique to characterise the pore sizes 
of thin films deposited on substrate is molecular probing which uses gas molecules of different 
kinetic diameters to determine the average pore size, by plotting permeance versus the kinetic 
diameter of the gas tested. 
 
Therefore, it is important to improve the determination of the pore sizes in ultra-microprous thin 
films by using other techniques which may prove to be more accurate. It is postulated in this 
Chapter that the transport properties of the membranes can be used to determine the average pore 
sizes by coupling with the oscillator model. In general there are several models reported in the 
literature ranging from simple models such as the Hagen-Poiseuille and Knudsen diffusion, to curve 
fitting models [22], through complex molecular dynamic simulation models. All these models have 
some level of accuracy, though the latter requires a significant computational time and costs. One 
model that is of interest is the Oscillator model developed by Bhatia and co-workers [23-26]. This 
model calculates the permeation from the fundamental Newton’s mechanics. It considers the 
Lennard Jones potential variation and gas momentum variation in each direction in micro-porous 
pores. Many works have proved that Oscillator model gives almost the same result as molecular 
dynamic simulation as well as experimental data without any statistical variation whilst the 
computational time was 2-3 orders of magnitude faster [27-32]. For these reasons, the Oscillator 
model was selected in this work to interpret the experimental result. Hence, the apparent activation 
energy for gas transport through pore media, together with the heat of adsorption for high quality 
cobalt oxide silica membrane is used to determine the average pore size. Hence, the apparent 
activation energy for gas transport through pore media, together with the heat of adsorption for high 
quality cobalt oxide silica membrane is used to determine the average pore size. From the literature 
published in this area, and discussed above, it is clear that the apparent activation energy has been 
mainly applied for single gas permeation. Therefore this chapter focuses on the apparent activation 
energy for gas mixtures, whilst also considering it for single gas. Further, this chapter develops a 
model for the apparent activation energy of different gases through an amorphous CoOxSi 
membrane by theoretically analysing the Lennard Jones (L-J) potential. Further consideration is 
given to the effective mean pore size evaluated from the apparent activation energy. 
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6.2 Membrane mass transfer theory 
A general form of a mass transfer is always expressed as a coefficient multiplied by a driving force 
as 
J C f                                                                                    (1) 
where J is the mass transfer flux, C is the general coefficient and f is the general driving force. 
The driving force can be the gradient of pressure, concentration or chemical potential depending on 
the mass transfer mechanism.  The coefficient can be permeability, diffusivity or other term 
depending on the term of driving force. For membrane mass transfer, the pressure difference and 
permeate flux are generally determined from experimental measurements, so the most common 
form in membrane study is  
P
J p
l
 
  
 
                                                                              (2) 
Membrane thickness l  is lumped together with permeability P into a term called permeance 
P
l
 
 
 
 
which is a convenient form of addressing permeation due to the difficulty in measuring the 
thickness of silica thin films. Generally, silica thin films interpenetrate into the pores of porous of 
alumina substrates. Hence, the thickness is not homogenous. 
 
6.2.1 Activation transport 
 
For ultra microporous (dp < 5Å) material, the pore size is very small and the potential from pore 
wall starts to overlap in the pore. In this situation, the gas molecule’s motion is significantly 
affected by the potential fields. To overcome the potential barrier in the pore, the gas molecule 
needs activation energy (known as the energy of diffusion or mobility) to complete a successful 
jump from a site to another site. Therefore this type of mass transfer is called activation transport. 
Most silica derived membranes show activation transport [33-35]. The original expression of mass 
transfer across the membrane is given by [36-38] 
1 d
d
J qD
RT z

                                                                      (3) 
where J  is the permeate flux, q  the molar concentration of gas in the pore, D  the diffusivity, R  
the gas constant, T  the temperature,   the chemical potential and z  the space coordinate.   
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Assuming equilibrium between the membrane surface concentration and the bulk gas phase, the 
following relationship for the chemical potential [39, 40] is applicable 
 
0 lnRT p                                                                    (4) 
where p  is the absolute pressure. 
 
Using Eq (4), Eq. (3) is converted to  
d ln d d ln d d 1 d
d ln d d d d 1 docp
p q p q q q
J D Dq D D
q z q z z z
        

                      (5) 
where 
d ln
d
p
q
q
   is defined as thermodynamic factor. For Langmuir isotherm the thermodynamic 
factor is 
1
1 ocp
 

. ocp  is the occupancy of adsorption. As silica membrane is designed for 
separating hot gas, the high temperature adsorption is very weak 0ocp  . So thermodynamic factor 
in this situation is 
1
1
1 ocp


, and the permeate flux is finally expressed as 
d
d
q
J D
z
                                                                          (6) 
Diffusivity D  is a function of temperature. The temperature dependence usually obeys an 
Arrhenius relation 
d
0 exp
E
D D
RT
 
  
 
                                                                 (7) 
where 
0D  is a pre-exponential coefficient depending on the average distance, the frequency and 
average velocity of gas jump, and dE  is diffusion activation energy. At high temperatures, the 
adsorption is weak and the Langmuir isotherm follows Henry’s law [41] 
q Kp                                                                            (8) 
K is the Henry’s constant and a function of temperature according to a van’t Hoff relation: 
0 exp
Q
K K
RT
 
  
                                                                 (9) 
where 
0K  is a pre-exponential coefficient, Q  the heat of adsorption. 
 
Eq. (6), (7), (8) and (9) can be combined as 
d a
0 0 0 0
d d
exp exp
d d
E Q Ep p
J Ð K Ð K
RT z RT z
   
        
   
                          (10) 
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aE  is called apparent activation energy, which is defined as 
 
a dE E Q                                                                             (11) 
 
Assuming an uniform pressure gradient, Eq. (10) is simplified to  
a
0 0 exp
E p
J Ð K
RT l
 
   
 
                                                        (12) 
The permeance  
P
l
 
 
 
 is the coefficient between flux and pressure drop according to Eq. (2) 
0 0 aexp
Ð K EP
l l RT
  
    
   
                                                             (13) 
 
Then the apparent activation energy is experimentally derived from the permeance measured at 
different temperatures. If Eq. (13) is logarithmically transformed to  
0 0 aln ln
Ð K EP
l l RT
    
       
     
                                                     (14) 
 
A linear correlation between ln
P
l
 
 
 
 and 
1
RT
  is obtained in Eq. (14), and the slope of this linear 
correlation 
aE  is the average apparent activation energy.  
a
d ln
1
d
P
l
E
RT
 
 
 
 
 
 
                                                                  (15) 
In a similar way, the diffusion activation energy and heat of adsorption can be obtained from Eq. (7) 
and (9). 
d
d ln
1
d
D
E
RT

 
 
 
                                                                  (16) 
d ln
1
d
K
Q
RT

 
 
 
                                                                   (17) 
 
The physical meaning of 
aE , dE and Q  will be further explained in 6.3. They are bulk values as the 
total permeation is attributed to the permeation contribution throughout all pores of the cobalt oxide 
silica thin film or the top layer. Since the permeation contribution from each pore cannot be 
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distinguished, and different pore size gives different apparent activation energy, the apparent 
activation energy derived from permeance is always an overall bulk result.  
 
6.2.2 Knudsen diffusion 
When the pore size is larger in the mesoporous regions, the wall potential plays a lesser important 
role as the overlap of wall potentials becomes less significant. So the gas molecule transfer is 
determined by the original velocity. In this case, if the molecule to wall collisions is dominant over 
intermolecular collision as 
1
d

                                                                              (18) 
where is the mean free path, and d is the diameter of the pore, then the permeate flux is described 
by the Knudsen diffusion model [42] 
 
2 8 d 2 8
3 d 3
p p p p
T T
r rp p
J
RTM z RTM l
 
   

                                                (19) 
where p is the porosity and T is the tortuosity of the membrane. 
Based on Eq. (2) the permeance of Knudsen diffusion is  
2 8
3
p p
T
rP
l l RTM

 
 
  
 
                                                             (20) 
where M is the molar weight, 
pr  is the pore radius. For the same pore at a fixed temperature the 
permeate flux is determined by the molar weight, and the selectivity is the root square of the 
reciprocal of molar weights. Eq. (19) shows that the Knudsen flux is a decreasing function to 
temperature. Hence, Eq. (15) gives negative values of the apparent activation energy in the Knudsen 
diffusion regime. This means if the total permeate flow contains some contribution from Knudsen 
diffusion, the total apparent activation energy measured is reduced.  
 
6.2.3 Viscous flow 
 
When the pore size is even larger, the gas molecule-molecule collision becomes more dominant 
than gas molecule-wall collision. That means the mean free path is far less than the pore size 
1
d

                                                                               (21) 
In this situation, viscosity plays an important role in the mass transfer, and the permeate flux across 
the membrane is described by viscous flow model 
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2
d
8 d
p p
T
r p p
J
RT z

 
                                                                        (22) 
where  is the viscosity. Viscosity increases with temperature for gases. From Eq. (22), it should be 
noted that if the transportation is in the viscous regime, the flux is a decreasing function of 
temperature. The apparent activation energy evaluated from permeance at different temperature is 
also a negative value. Although the viscosity is different from gas to gas, gas mixtures share a 
singular viscosity value when they are well mixed due to the intensive intermolecular collision. 
Therefore, there is no selectivity for all gases in the viscous regime based on Eq. (22). 
 
6.3 Apparent activation energy 
 
Since silica is an amorphous material, it has a pore size distribution. In the case of silica membranes 
obeying the molecular sieve mechanism, the pore size distribution is narrow, with constriction of 
2.5-5Å. In terms of gas diffusion, the amorphous silica pores do not have uniform size from channel 
entrance to channel exit. In this case, the pores (wider) and constrictions (narrower) are also known 
as cage and window (Fig. 6.4), or bottle and neck [1, 41, 43].  
 
6.3.1 Potential in cylindrical pores 
 
The potential field in a pore is based on Lennard-Jones (L-J) potential[44].  
12 6
( ) 4
 
  
 
    
     
     
                                                          (23) 
where   is the potential between two atoms,   the L-J collision diameter,   the L-J well depth 
and   the distance between the centres of two atoms. For two different atoms, the L-J collision 
diameter and L-J well depth are estimated by Lorentz Berthelot mixing rules [27, 29] 
 AB A B
1
2
                                                                (24) 
AB A B                                                                      (25) 
 
In this work the pore is simplified as a cylinder consisting of L-J particles. It is important to clarify 
the definition of pore size beforehand (Fig. 1). The diameter d of the pore is defined as the distance 
from an oxygen particle centre to the opposite oxygen particle centre. The inner diameter 
id  
(surface to surface) makes more sense in size sieving, but it is difficult to define as the radius of L-J 
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particle is not rigid at different temperatures. So d  is used instead of 
id  throughout this work and 
pore radius is 
2
p
d
r  . 
 
  
Fig. 6.1 The pore of silica membrane 
 
By assuming the pore is cylindrical with a radius r (Fig. 6.2(a)), the potential distribution inside a 
pore is given by 
12 6
2
2
0 0
12 6
2
2
6 30 0 2 2 2 2 2 2
( , ) 8 d d
8 - d d
2 cos 2 cos
L
p d p
L
d p
p p p p
r r r z
r z
r r r r z r r r r z


 
  
 
 
 
 
   
    
   

           
 
 
    (26) 
where 
pr  is the pore radius, L the pore length, d  the surface atomic density on the pore wall and 
r  the radial coordinate ( 0, pr r ). The meaning of all the variables in Eq. (26) are visually 
explained in Fig. 6.2 (a). 
 
An example of the H2 potential distribution based on Eq. (26) inside a silica pore with varying pore 
sizes is displayed in Fig. 6.2(b). A gas molecule always tends to go to the position with the lowest 
potential. So it is interesting to obtain the lowest potential of different pore sizes located at the 
centre for small pore (
AB2d  ). By setting 0r  in Eq. (26), the central potential with respect to 
radius is given by[45] 
   
12 6
2
min 6 30 2 2 2 2
( ) (0, ) 16 - d
L
p p p
p p
r r r z
r z r z
 
    
 
                                  (27) 
 
However, for larger pores (
AB2d  ), the minimum potential locates at the edge instead of the 
centre. Then the minimum value of potential is obtained by 
min ( ) min( ( , ))pr x r                                                              (28) 
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(a) 
 
(b) 
Fig. 6.2 (a) Geometry simplification of a hydrogen molecule is a cylindrical pore. (b) Hydrogen 
potential distribution inside cylindrical silica pores for different pore sizes 
 
Fig. 6.3 The minimum potential with respect to pore size of different gases 
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As discussed above, the real pore in silica membrane has wider channels and narrower channels in 
series (Fig. 6.4). The constrictions of silica membrane pore size (edge-to-edge 
id ) distribution 
ranges from 1 to 4Å [46, 47]. Transforming to centre-to centre pore size d by adding oxygen atom 
diameter, it is roughly 4-7Å [24]. Fig. 6.3 indicates that the minimum potential in this range is 
roughly a decreasing function of pore size. Hence, wider channel gives lower potential than 
narrower channel. If it is simply assumed that the pore is connected by wider and narrower channels 
(see Fig. 6.4), the potential distribution through the pore is like a wave, hence oscillates. In a 
diffusion process, the gas molecules prefer to stay at the cage owing to the low potential in the cage. 
Once a gas molecule gets enough extra kinetic energy from collision with any other molecule, then 
it jumps over the window and sit in the next cage. The minimum energy required for this jump is 
the potential difference between window and cage.  
 
Fig. 6.4 The physical meaning of diffusion activation energy, heat of adsorption and apparent 
activation energy 
 
6.3.2 The physical meaning of Ea, Ed and Q  
The original definition of diffusion coefficient is [10] 
j zD v                                                                                (29) 
where j  is the jump length and zv is the average velocity in z direction (the direction of permeate 
flow). In a jump interval, the gas molecule spends most time in the cage 
ct , and a short time in the 
window 
wt . The average velocity in the window is wv .  By assuming c wt t , the average time of 
gas molecule travelling in the pore can be expressed by  
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w
c
z w
t
v v
t
                                                                             (30) 
The time a molecule spends in a cage or a window is proportional to the partition function [12] as 
follows: 
0
0
0
0
exp( )d
exp( )d
w w
w
c c
c
z z
w
z
B
z w z z
c
z
B
z
k T
v v
z
k T









                                                            (31) 
where 
w  and wz are the potential and length of a window, c  and cz are the potential and length 
of a cage. Assuming cages and windows have equal length with constant potential 
c and w , the 
average velocity in the permeation direction is  
exp( )w cz w
B
v v
k T
 
                                                                     (32) 
As gas molecules move with arbitrary velocities due to randomness, the Maxwell-Boltzmann 
velocity distribution along the permeation flow direction (z) is 
2d
( )d exp( )
2 2z
z
v z z
B B
mvN m
f v v
N k T k T

                                                     (33) 
The average velocity is  
0
0
( )d 2
( )d
z
z
z v z z
B
w
v z z
v f v v k T
v
mf v v 


 


                                                            (34) 
Eq. (29), (32) and (34) give the diffusion coefficient  
2
exp( )w cB
B
k T
D
m k T
 



                                                             (35) 
Comparing Eq. (7) with Eq. (35), the diffusion activation energy is  
d w cE                                                                              (36) 
The diffusion activation energy means the potential difference between window and cage. 
 
Adsorption generally takes place in the lower potential of a pore because gas molecules 
preferentially seek lower potential regions. A pore normally has a lower potential than the gas phase 
and the ratio of pore gas concentration to gas phase concentration follows a partition function 
exp( )
pore c
gas
q
q RT

                                                                   (37) 
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where 
c is the potential in the pore cage as the adsorption mainly takes place in the cage. Applying 
the ideal gas law, Eq. (37) is transformed to 
exp( )cpore
p
q
RT RT

                                                               (38) 
Eq. (8) and (38) give the Henry’s constant as  
1
exp( )cK
RT RT

                                                                   (39) 
So from Eq. (17) and (39) the heat of adsorption is  
d ln
1
d
c
K
Q RT
RT
                                                                  (40) 
RT is the average gas phase kinetic energy. In an adsorption process, a gas molecule travels from 
the gas phase to the cage and stays in the cage, converting its kinetic energy to heat energy. That is 
why adsorption is an exothermic process. So the heat of adsorption is the difference between gas 
kinetic energy RT and the cage potential
c . Applying Eq. (11), (36) and (40) the apparent 
activation energy is 
a wE RT                                                                       (41) 
which means the difference between the window potential and the gas phase kinetic energy.  
 
6.3.3 Oscillator model 
 
In Section 6.3.2 it was assumed that the cage potential and window potential are constant to directly 
explain the meaning of diffusion activation energy, heat of adsorption and apparent activation 
energy. However, the potential in a cage or a window varies with the radial coordinate as shown in 
Fig. 6.2(b). To accurately model microporous gas transport, this variation should be taken into 
account. The oscillator model considers the radial potential profile. The permeation velocity along 
the direction of permeation flow is  
z
B
D f
v f
k T m
                                                                  (42) 
Eq. (42) leads to the diffusion coefficient  
Bk TD
m
                                                                        (43) 
where   is the mean hopping time of gas molecules in the pore. The hopping time of each 
molecule depends on the pore potential distribution, its radial coordinate and momentum 
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                                               (44) 
( ', , , )r rp r r p p is the radial momentum at 'r  of a molecule which had radial momentum rp at r . 
1( , , )c rr r p p and ( , , )co rr r p p  are the 'r  solution of radial momentum ( ', , , ) 0r rp r r p p  . The 
radial momentum is derived from the conservation of total energy 
22
t 2
( , , ) ( )
2 2
r
r
pp
E r p p r
m mr

                                                        (45) 
The force in radial direction is the partial derivative of total energy with respect to r  
td
d
r
Ep
t r

 

                                                                     (46) 
Combining Eq. (45) and (46) gives the radial momentum 
 
1 2
2
2
2 2
( ', , , ) 2 ( ) ( ') ( ) 1
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r r r
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p r r p p m r r p r
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   
                  (47) 
Considering a canonical distribution for rp  and p , we have 
22
0 2
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( , , ) exp ( )
2 2
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r p p r
RT m mr

  
  
     
  
                              (48) 
 
The diffusion coefficient expression is obtained from Eq. (43), (47) and (48) 
22
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The Henry’s constant considering the radial potential profile is derived from the average of Eq. (39)  
2 0
2 ( )
( , ) exp
pr
p
p
r
K r T rdr
RTr RT
 
  
 
                                                 (50) 
The oscillator model predicts the diffusion coefficients and Henry’s constants at different 
temperatures. Hence, the diffusion activation energy 
dE and heat of adsorption Q  can be derived 
from these parameters using the oscillator model. Fig. 6.5 shows a plot of the apparent activation 
energy
aE  from dE Q  against different pore size for He and H2. The correlation between apparent 
activation energy and pore size can be used as a ruler to estimate the average pore size from the 
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experimental apparent activation energy. The heat of adsorption against the pore sizes for Ar and 
CO2 are displayed in Fig. 6.6. 
 
Fig. 6.5 The correlation between the apparent activation energy and pore size for He and H2 
 
Fig. 6.6 The correlation between the heat of adsorption and pore size for Ar and CO2  
 
6.4 Experiment 
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In order to investigate the permeation performance and the apparent activation energy of a real 
membrane, a cobalt doped silica membrane was fabricated by sol–gel synthesis. The membranes 
were tested for single gas (He, H2) and He/CO2 and H2/Ar mixtures. Xerogels were analysed for N2 
adsorption at 77K. The corresponding pore volume and surface area are 0.14 cm
3
g
-1
 and 312.49 
m
2
g
-1
, respectively. 
 
6.4.1 Sol-gel preparation and membrane coating 
 
The cobalt oxide silica sol-gel method involved mixing several chemical precursors is reported 
elsewhere [6]. Briefly, cobalt nitrate hexahydrate was dissolved in 30 vol.% aqueous hydrogen 
peroxide and ethanol. Then tetraethoxysilane (TEOS) was added drop wise to form a final molar 
ratio of 255EtOH:4TEOS:1Co (NO3)2∙6H2O:9H2O2:40H2O. The sol-gel was dip-coated on an 
alumina support purchased from the Energy Centre of the Netherlands. Each cobalt oxide silica 
layer was calcined up to 630 ˚C at a ramping rate of 1 ˚C min-1 and with a dwell time of 4 hours. A 
total of five layers were sequentially dip coated on the outside surface of the alumina support and 
calcined to ensure free defect membranes. The alumina support was composed of asymmetric layers. 
The top layer was derived from γ-alumina with an intrinsic pore size distribution around 4 nm and 
was coated on a mechanically robust porous α-alumina substrate with the following dimensions: 
length ~70 mm, external and internal diameters 14 and 10 mm, respectively. 
 
6.4.2 Volumetric and gravimetric adsorption 
 
The gravimetric adsorption was carried out by a Shimadzu TGA-50 with a feed stream of CO2 and 
Ar at 30, 50, 70 and 100˚C. He/CO2 gas mixtures were used for adsorption at varying concentrations 
and temperatures. Since He is non-adsorbing gas, it is assumed all the weight variation is attributed 
to CO2 adsorption. The Henry’s constant K  was obtained from the slope of the adsorbed quantity 
against the feed pressure. The heat of adsorption was calculated from the fitting of Eq. (17).  
 
Adsorption of pure H2 was examined using the volumetric adsorption system depicted in Fig. 6.7. 
The samples were exposed to three different temperatures (0, 30 and 50
o
C) at pressures up to 1 bar. 
The system consists of two chambers of different volumes (
3
1 6.27cmV  and 
3
2 95.79cmV  ) 
separated by  Valve 1. The cobalt doped silica xerogel was placed in Chamber 1. The whole system 
was degassed by vacuum over 12 hours.  In the adsorption test, Chamber 1 was isolated by closing 
Valve 1, then the Chamber 2 was filled with gas at a desired pressure
2p . After recording the value 
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of 
2p , the Chambers 1 and 2  were connected by opening Valve 1. After reaching equilibrium (∼2 
hours) the final pressure eqp was measured. The amounts of gas adsorbed were calculated from the 
ideal gas law and mass balance as a difference between the initial amount of gas and the final 
remaining amount of gas at equilibrium. Finally, the adsorbed amounts were related to the system 
volume to determine adsorbed phase concentrations q : 
 2 2 1 2eq
s
s
p V p V V
q
RTm

 
                                                              (51) 
where 
s is the material density and sm is the sample mass. 
 
 
Fig. 6.7 The volumetric adsorption system 
 
6.4.3 Gas separation measurement  
 
The membrane module testing configuration is shown in Fig. 6.8. A membrane tube was initially 
sealed by a set of Swagelok fitting, nut and graphite ferrule. After sealing, the membrane effective 
length was 48.2 mm. The membrane was finally assembled into a cylindrical module, and tested 
and adjusted until a leak free membrane/seal interface was achieved. Once the membrane was leak 
free, the membranes were tested for He and H2 permeation from 100% of pure feed gas. Then the 
mixed gas He/CO2 and H2/Ar were tested down to 30% and 20% mixtures, respectively. The gas 
mixture testing included strong adsorbing gas (such as CO2) and non-adsorbing gas (He) for the 
permeation for He/CO2. The flow rate was measured by a bubble flow meter and the composition of 
mixed gas was determined by Shimadzu gas chromatograph (GC). 
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Fig. 6.8 Diagram of the permeation/separation experimental set up 
 
6.5 Results 
 
6.5.1 Gas adsorption  
 
Fig. 6.9 shows the adsorption isotherms of H2 and CO2 on cobalt doped silica matrices at different 
temperatures. Both adsorption isotherms are linear complying with Henry’s law and the fitted Eq. 
(17). The adsorbed quantity decreases with increasing temperature. The isosteric heat of adsorption 
was calculated as 5.1 and 22.7 kJ mol
-1
, respectively. The heat of Ar adsorption was 10.0kJ mol
-1
.  
 
   
 
Fig. 6.9 Adsorption isotherms of (a) H2 and (b) CO2 on cobalt doped silica by volumetric method 
 
 
6.5.2 Gas Permeation  
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In view of the asymmetric nature of the cobalt oxide silica membranes, gas permeation was also 
carried out on the substrate prior to dip coating with cobalt oxide silica sol-gel. This test was 
conducted to investigate the resistance level of the support. Fig. 6.10 shows that the permeance of 
He and H2 across the uncoated support was ~1×10
-5 
mol m
-2
 s
-1
 Pa
-1
, whilst for coated cobalt oxide 
silica support as a full membrane was ~2×10-8 mol m-2 s-1 Pa-1. If the resistance is defined as the 
reciprocal of permeance, the resistance in the substrate only accounts for ~0.2% of the total 
resistance which is much lower than the permeation experimental variation of ±8%. So the 
resistance of the substrate is ignored in the modelling of this work. Therefore, the transport of gases 
is limited by cobalt oxide silica layers only. 
 
 
Fig. 6.10 The He and H2 permeances of cobalt oxide silica coated substrate and uncoated substrate 
as a function of temperature. 
 
Fig. 6.11 shows the permeation test from 200 to 500
o
C for He/CO2 binary mixtures from 90% He 
(10% CO2) down to 10% He (90% CO2). The feed pressure was kept constant at 6 atm controlled 
by a back pressure valve. The permeate pressure was opened to atmosphere at 1 atm. The CO2 
single gas permeation proved to be too slow to be measured, and was considered below the 
measurable region of the bubble flow meter. The He fraction in the binary gas permeation reached 
values in excess of 0.92-0.95 for a 30/70 mixture, and levelled off at 0.975-0.985 from 50/50 
mixtures onwards. However, at low feed He:CO2 (10/90) concentration, the CO2 fraction in the 
permeate stream was up to 0.45, though the total permeance was extremely low in the order of 10
-11
 
mol m
-2
 s
-1
 Pa
-1
. At this condition, the driving force for He permeation was very small, which also 
translates to a very small He fluxes.  
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It is interesting to observe in Fig. 6.11b that the strong adsorbing gas of CO2 did not greatly affect 
the permeation of the weakly adsorbing gas for He. The competitive adsorption effect is generally 
more prevalent at low temperature gas separation condition. In this case, the stronger adsorbing gas 
covers more surface and pores of the membrane, which reduces the chance of the other gas entering 
the pores in the membrane for transport. This causes for the strong adsorbing gas in the pore to also 
reduce the diffusing speed of the less adsorbing gas [48, 49]. However, in this work, gas permeation 
was carried out at high temperatures, and the competitive adsorption effect is not significant enough 
to affect the He permeation. It was observed that He permeate flow rate increased linearly as a 
function of the He feed fraction. As permeance is normalised by the pressure difference, the 
permeate flow rate is a product of the permeance and the pressure difference, thus demonstrating 
the different trends observed. 
 
 
 
 
(a)                                                                            (b) 
Fig. 6.11 The He permeation performance of cobalt oxide silica membrane (a) He permeate fraction, 
and (b) He permeate flow rate and permeance 
 
As the major focus of this work is on the transport phenomena of binary gas mixtures, further work 
was carried out for H2 and Ar mixtures. Due to the catalytic effect of the cobalt oxide, mixtures of 
H2 and CO2 were not considered to avoid the reverse reaction of the water gas shift reaction, which 
would result in the production of CO and water vapour [50]. This would generate a quaternary 
mixture of H2, CO2, CO and H2O. Hence, Ar was used as a subrogated molecule to maintain a 
binary gas mixture of H2/Ar instead of a multiple transient gas mixture. In addition, Ar (dk=3.41Å) 
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and CO2 (dk=3.47Å) [51, 52] have similar kinetic diameters showing similar permeation 
performance through silica membrane [1, 53]. The single gas permeation was also carried for H2 
and Ar prior to the binary mixture testing. Again, single Ar permeation did not produce permeate 
flows, thus below the minimum detectable level similar to CO2 as mentioned above. After the H2 
single gas permeation test, H2 and Ar mixture separation was measured for the feed compositions 
from 90%, 70%, 50%, and 30% down to 20% H2. The H2 feed fraction was reduced step-wise after 
each day of testing.  
 
In Fig. 6.12(a) the H2 permeate fraction shows a positive correlation to the feed fraction. At H2:Ar 
20/80 mixture,  the H2 purity reached values of 0.7-0.8. High purities of 92% H2 were attained at 
50:50 mixtures at 500
o
C. The H2 permeance rate is shown in Fig. 6.12(b). Unlike the test for He, it 
is interesting to observe that the H2 permeance is not constant. These unusual results suggest that H2 
is possibly reducing the cobalt oxide embedded in the silica matrix, thus leading to a different 
micropore structure [54]. To ensure a systematic study, each feed fraction was tested in a full single 
day, and this experiment was carried out in order from 100%H2 down to 20%H2. The results in Fig. 
6.12(b) imply that the reaction between membrane material and H2 is a function of H2 exposure 
time and H2 concentration in the feed gas. This will be discussed in detail in the following section.  
 
  
(a)                                                                                         (b) 
Fig. 6.12 The permeation performance of H2. (a) H2 permeate fraction, (b) H2 permeance and the 
time of H2 exposure. 
 
6.6 Analyses and Discussion  
 
The separation of He/CO2 shows that the presence of CO2 did not significantly hinder the He 
permeance, though the flow rates increased with He feed partial pressure, which in turn caused a 
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higher driving force or pressure difference. The apparent activation energy for He permeation has 
an average value of 5.9 KJ mol
-1
 with 4.8% fluctuation for all the feed fractions. The average 
activation energy of He indicates that this amorphous cobalt oxide silica membrane is equivalent to 
permeating through a membrane with sharp pore size of d=4.9Å (see Fig. 6.5), which in turn 
indicate that the size of the pores is between 5-membered siloxane ring and 6-membered siloxane 
ring. If subtracting
Si , the edge-to-edge diameter (or inner diameter id ) of the pore is only 2.1Å. 
The He permeability predicted from oscillator model with d=4.9Å fits well with the experimental 
data in Fig. 6.13(a). The fitting parameters used here are porosity ( 0.1p  ) and tortuosity ( 6T  ). 
This pore size value is smaller than the expected pore size of silica material [55, 56]. However, it is 
important to note that the pores are interconnected in the cobalt oxide silica membrane 
microstructure, which also known as the percolation pathways for gas permeation. The percolation 
pathways consist of a series of large number of connected pores in various microporous sizes. If a 
wider pore is connected with a narrower pore, the narrower pore becomes the rate-limiting part of 
the pathway. Fig. 6.4 suggests that the apparent activation energy and permeance are determined by 
the narrowest width of each percolation pathway. The membrane thickness consisting of 5 cobalt 
oxide silica layers is around 200-300nm and a pathway could consist of several hundreds or even 
thousands of pores in series. The possibility of a pathway having more than one small pore (as small 
as 2.1 Å) is very high. Consequently the mean pore size determined from permeation test is quite 
small.   
 
Fig. 6.13 Permeability fitting by oscillator model (a)He (b)H2 
 
The separation of H2/Ar indicates that the presence of Ar does not hinder the permeation of H2. 
However, it is interesting to observe that the H2 permeance was higher for gas mixtures than single 
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gas. This result is very unusual and may suggest that structural changes may have occurred. As Ar 
has a slower permeation speed than H2, Ar cannot speed up H2 permeation. So the increment of H2 
permeance has nothing to do with Ar. Hence, the unusual results suggest that H2 has reacted with 
the membrane material and enlarged the pore size, hence substantiating the permeate flux increase. 
Miller et al. [57] reported that cobalt oxide embedded in silica undergoes reduction after exposure 
to H2, resulting in pore size enlargement. As the single H2 gas permeation was tested at the 
beginning in this series of experiments, the permeance was the lowest as the membrane was just 
exposed to H2 for a short time. After one day (24hours) of exposure to H2, mixed gas separation was 
carried out from 90%H2 and was observed that the membrane was reduced. The permeance 
increased by about two times as the pore size was larger in the reduced state than in the oxidised 
state, thus confirming the redox effect of H2 on the membrane. 
 
From Eq. (15), the apparent activation energies before and after reduction can be obtained from 
different temperatures. The apparent activation energy was reduced from 7.3 kJ mol
-1 
(first day 
testing using pure H2) to 5.2 kJ mol
-1 
(5
th
 day testing using 30%H2). As a correlation between 
apparent activation energy and equivalent pore size is displayed in Fig. 6.5, this correlation implies 
that pore size change is related to the reduction of cobalt oxide. Based on this correlation the 
equivalent (or average) pore size before reduction was ~5.24Å, and the reduction resulted in the 
average pore size enlargement to ~5.30Å. These values are very close to the size of 6-membered 
siloxane ring. The H2 permeability predicted from the oscillator model for pore size of d=5.24Å and 
d=5.30Å are displayed in Fig. 6.13(b). These two pore sizes also fit well with the experimental data.  
 
After the H2/Ar test, the reduced membrane was exposed to air for 3 months to allow oxidation to 
take place and then the membrane was examined again by H2 single gas permeation. Firstly, it was 
heated up to 500˚C in N2 for one day to remove all the moisture. Then H2 single gas permeation test 
was implemented over 150 hours at 500˚C. The H2 permeance was recorded with time and the plot 
is shown in Fig. 6.14. It shows the H2 permeance varied from 
81.18 10  to 83.09 10 mol s-1 m-2 
Pa
-1 
and it started to level off after 100 hours. Although Miller et al. [57] used ES40 as silica 
precursor instead of TEOS as employed in this work, Fig. 6.14 suggests that the same interaction 
between the cobalt oxide and H2 can still occur regardless of which kind of silica precursor is used. 
 
In order to further investigate the change of the pores, CO2 adsorption at 0 ˚C was carried out by 
Micrometrics ASAP2020 which can detect the pore size of id >7.7 Å. Although Micrometrics 
ASAP2020 cannot detect pore sizes down to id <5 Å, which is supposed to be the size of the 
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majority pores in this material, the change in pore size distribution will be indicative of the change 
of pore size before and after H2 exposure. Two samples were characterised namely: (i) oxidised and 
(ii) reduced samples. The latter was exposed to H2 at 500 ˚C for 4 days. The isotherms of the two 
samples are displayed in Fig. 6.15(a). The reduced sample had a higher CO2 coverage than the 
oxidised sample. The surface area and pore volume of reduced sample was also higher at 192 m²g
-1
 
and 0.049 cm³g
-1
, and slightly lower for the oxidised sample at 174 m²g
-1
 and 0.043 cm³g
-1
, 
respectively. The Saito-Foley pore size (inner diameter di) distribution from 7.7 to 10.7 Å is shown 
in Fig. 6.15(b). It suggests that the reduced sample has a higher pore volume in this pore range than 
the oxidised sample. As larger pores lead to higher permeance and lower activation energy, so the 
increase in the amount of pore volume in this pore size range increased the permeance and reduced 
the average apparent activation energy.  
 
The CO2 adsorption at different temperatures resulted in the isosteric heat of adsorption of 22.7 kJ 
mol
-1
. CO2 generally adsorbs in the cage which shows lower potential due to its larger pore size. 
The heat of adsorption for CO2 suggests that an average pore size of d = 6.12Å (di = 3.32 Å). The 
heat of adsorption for Ar was calculated at 10.0 kJ mol
-1
, which means the mean pore size for Ar 
adsorption is d = 5.93Å (di = 3.13 Å). These pore sizes are around the size of 7-membered siloxane 
ring of 6.076 Å.  
 
 
Fig. 6.14 Hydrogen permeance increment with exposing time to hydrogen 
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(a)                                                                   (b) 
Fig. 6.15 (a) CO2 adsorption isotherm at 273K of reduced sample and oxidised sample (b) Saito-
Foley pore size distribution from CO2 adsorption at 273K 
 
Finally, the findings in this Chapter supports the postulation that using the membrane permeation 
results via the apparent activation energy and the oscillator model can be used to determine the bulk 
average pore sizes which are otherwise not possible to be ascertained using xerogels and 
conventional characterisation techniques. The correlation between pore size and the apparent 
activation energy together with the heat of adsorption was established using the oscillator model. 
This method proved to be robust to calculate the pore size based on cylindrical geometries and 
physical adsorption. Hence, the average pore size of thin films in cobalt oxide silica membranes 
could be ascertained by the work presented in this Chapter. 
 
6.7 Conclusions 
Maxwell Boltzmann speed distribution and partition function were used to describe the diffusion 
mechanism and the physical meaning of diffusion activation energy, heat of adsorption and 
apparent activation energy. The oscillator model which considers the radial potential variation was 
introduced to calculate the diffusion coefficient and Henry’s constant for different pore sizes. The 
diffusion activation energy, heat of adsorption and apparent activation energy were obtained from 
this model.  
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Single gas (He, H2, CO2, Ar) permeation and binary gas (He/CO2, H2/Ar) permeation and separation 
were carried out to determine the overall apparent activation energy. He showed constant apparent 
activation energy (5.9 kJ mol
-1
) throughout the experiment. The oscillator model indicated that a 
mean pore size of d = 4.9 Å corresponding to He apparent activation energy. This average pore size 
suggests that the silica matrix contains a significant number of 5- and 6-membered siloxane rings. 
H2 permeation/separation did not show constant performance due to its interaction (redox effect) 
with the membrane material.  The increment of H2 permeance, pore volume, surface area after 
cobalt oxide reduction, together with the decrease of H2 apparent activation energy, confirmed that 
there was an enlargement of the pore sizes. The CO2 and Ar heat of adsorption were determined at 
22.7 and 10.0 kJ mol
-1
, respectively. This proved the existence of larger pores formed by 7-
membered siloxane ring. Hence, these results support the postulation that the oscillator model for 
transport phenomena, coupled with the apparent activation energy and the heat of adsorption were 
able to ascertain the average pore sizes for thin film ultra-microporous membranes. 
 
 
Nomenclature 
C  coefficient of mass transfer 
d  diameter of the pore (m) 
D  diffusivity (m
2
 s
-1
) 
E  diffusion activation energy (J mol
-1
) 
aE  apparent activation energy (J mol
-1
) 
pE  Lennard Jones potential (J mol
-1
) 
tE  total energy of a molecule (J mol
-1
) 
f  general driving force 
J  flux (mol m
-2
 s
-1
) 
K  Henry’s constant (mol m
-3
 Pa
-1
) 
Bk  Boltzmann constant (J K
-1
) 
L  pore length (m) 
l     membrane thickness (m) 
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M  molar weight (kg mol
-1
) 
m  molecule mass (kg) 
sm    sample weight (kg) 
N  number of molecules (mol) 
P  permeability (mol m
-1
 s
-1
 Pa
-1
) 
P
l
 
 
 
 permeance (mol m
-2
 s
-1
 Pa
-1
) 
p  absolute pressure (Pa) 
rp      radial momentum (kg m s
-1
) 
p    tangential momentum (kg m s
-1
) 
Q  heat of adsorption (J mol-1) 
q  molar concentration of gas (mol m-3) 
poreq  pore gas concentration (mol m
-3
) 
gasq  gas phase concentration (mol m
-3
) 
R  gas constant (8.314J mol
-1
 K
-1
) 
r  radial coordinate (m) 
pr  pore radius (m) 
T  temperature (K) 
t  time (s) 
ct  time spent in cage (s) 
wt  time spent in window (s) 
V  volume(m
3
) 
v  molecule velocity (m s-1) 
z  space coordinate of membrane thickness direction (m) 
Greek letters  
  thermal dynamic factor 
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  well depth of Lennard Jones potential (J) 
p  porosity of membrane 
  viscosity (Pa s) 
d  surface atomic density (m
-2
) 
  angular coordinate (rad) 
ocp  adsorption occupancy 
  mean free path (m) 
j  jump length (m) 
  chemical potential (J mol-1) 
  distance between the centre of two atoms (m) 
s  sample density (kg m
-3
) 
  Lennard Jones collision diameter (m) 
  hopping time (s) 
T  tortuosity of membrane 
  Lennard Jones potential (J) 
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Chapter 7 Investigation and Simulation 
of the Transport of Gas Containing 
Mercury in Microporous Membranes 
 
Abstract 
The chapter investigates the effect of condensable Hg vapour on the transport of N2 gas across 
cobalt oxide silica (CoOxSi) membranes. Experimental results suggest that Hg significantly affects 
N2 permeation at 100 and 200 
o
C, though this effect is negligible at 300 
o
C. This effect was found to 
have a correlation with Hg adsorption on the CoOxSi xerogels, though it was not clear if adsorption 
or diffusivity was playing a major role in view of the amorphous nature of the silica derived 
membranes. In order to understand the effect of Hg in the transport phenomena of N2 permeation, 
the oscillator model was used to model the gas transportation through pores with different sizes. By 
including Effective Medium Theory (EMT), the oscillator model fitted well with the experimental 
results and gave good predictions of mass transfer in ultra-microporous materials with a tri-model 
pore size distribution such as those found in the silica membranes. It is postulated in this chapter 
that Hg seeks lower level potentials in micropores, and therefore Hg molecules tend to block the 
small pores (2.9-4Å from)  or reducing the average pore size of the larger pores (6.7-7.8Å and 12-
14Å). Although N2 permeation reduced after Hg adsorption, it did not reduce with the Hg load 
increase of 10 times, thus strongly suggesting that the coalescence of Hg on the small pores, or 
along the pore wall for the larger pores. 
 
7.1 Introduction  
 
Porous inorganic membranes are attractive for industrial applications, preferentially allowing the 
permeation of desirable gases whilst blocking unwanted gases [1]. However, the separation 
performance of membranes varies from case to case, based on the porous structure, adsorption 
properties and thickness of the selective layers. In addition, mass transfer across membrane is 
dependent on many factors such as membrane property, gas property, temperature, pressure, and 
gas concentration, all of which affect gas fluxes (or production) and gas separation (or 
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quality/purity). Therefore, different operating conditions require precise modelling to predict and 
explain the membrane performance. 
 
The first approach is to consider the pore size of a porous structure relative to the mean free path of 
the gas, which is generally addressed by viscous flow and Knudsen flow [2, 3]. Viscous flow model 
applies to the case when a pore size is far greater than the mean free path. This means that the pore 
sizes are too large to separate gas molecules of different sizes, resulting in no gas selectivity. In 
high quality molecular sieve membranes, viscous flow is normally observed in the case of 
membranes with defects such as micro-cracks and pin hole defects. The Knudsen model applies for 
the case when the pore size is far smaller than the mean free path [4]. The ideal Knudsen selectivity 
is determined experimentally for single gas, and generally fits with the ratio of the root square of 
molar weights reciprocal of the gases tested. However, the ideal Knudsen selectivity are generally 
considered for single gas permeation only, and the Knudsen model may over predicts the diffusion 
coefficient [5, 6].  
 
It is important to note that adsorption plays an important role in microporous or mesoporous mass 
transfer, particularly at temperatures below room temperature as adsorption is inversely 
proportional to temperature. For this process to occur, gas molecules in the gas phase must adsorb 
on the surface of the materials and/or at the pore entrance. Due to a difference in concentration from 
the high pressure side (i.e. feed domain) to low pressure side (i.e. permeate domain), this results in a 
concentration gradient which allows the gas molecules to jump between adsorption sites within the 
pore [7-9]. This mechanism is known as surface diffusion. When the pore size is reduced to 
dimensions below the Lennard Jones (L-J) diameter of gas molecule (also known as the kinetic 
diameter), molecular attraction by physical adsorption is no longer feasible. In this case, there is a 
repulsive force between the pore entrance and the molecule which stops the molecule entering into 
the pores. In other words, the potential for a molecule entering the pore is too high. Hence, the gas 
molecule requires much more energy to be able to diffuse through these pores smaller than the 
molecular L-J diameter [10]. In this process, the kinetic energy of a gas is converted into the 
potential energy when a gas molecule approaches a pore. In order to increase the gas potential and 
likewise permeation, energy must be supplied in terms of thermal energy which increases the 
kinetic energy. Since the gas needs extra energy to activate the transport, this process shows 
temperature dependency and is called activated transport which is generally a characteristic of 
molecular sieving silica membranes. This unique transport is usually observed in ultra-microporous 
membranes, as it is the case for silica derived membrane for separating H2 or He from other larger 
gases [11-14].  
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Surface diffusion and activated transport are the most common mechanisms in ultra-microporous 
membrane separation. High selectivity is achieved by pore size exclusion (i.e. molecular sieving) 
for different gases based on their kinetic diameters and by their adsorption capacities. For instance, 
Lito et al. [15] separated ethane/methane mixture using zeolite membranes. It was interesting to 
note that although the single gas flux of methane was higher than ethane, the mixture separation 
favoured the ethane permeation. This was attributed to the stronger affinity between ethane and the 
zeolite. A similar separation of benzene/n-heptane was also reported for zeolites owing to the strong 
benzene adsorption [16]. Krishna et al. [17] studied the effect of high binary gas selectivity caused 
by strong adsorption from one component and used Molecular Dynamic (MD) to simulate transport 
properties. For activated transport, the gas permeation in ultra-microporous membranes generally 
decreases as a function of the gas kinetic diameter, so the membrane separate gases based on 
molecular size [18-22]. However, when condensable or adsorbable components are present in the 
gas mixture, additional phenomena are observable which further complicate the permeation process 
[23]. These include pore filling which is caused by condensation and pore narrowing which results 
from adsorption on the pore walls.  
 
A potential application of silica membrane is the separation of H2 from syngas mixtures in coal 
gasification processes [24-26]. A common feature of this type of syngas mixture is mercury at small 
concentrations [27, 28]. There is a large body of research and engineering works published in the 
area of mercury capture in coal power stations to meet regulatory emissions standards, using 
generally high temperature ceramic filters or carbon as adsorbents. However, there is no literature 
on the transport of mercury in ultra-microporous materials apart from a single conference paper 
published by da Costa and co-workers [29]. Mercury is a condensable gas and it is postulated that 
mercury could significantly affect the transport of gases in ultra-microporous membranes. To verify 
this hypothesis, cobalt oxide silica membranes were tested in special laboratory facilities at the 
Imperial College in the United Kingdom. Additionally, cobalt oxide silica xerogels were tested for 
mercury adsorption at the Imperial College to understand the effect of adsorption on the permeation 
of nitrogen. In the consideration of safety and limitations at the Imperial College, the experiments 
were carried out using N2 instead of H2. Finally, the permeation and adsorption results were 
analysed. To predict the permeation of gases in the presence of mercury, the oscillator model was 
used to determine the diffusion coefficient and adsorption equilibrium constant. There are several 
models that could be used for this purpose. However, many models including curve fitting of results 
and their accuracy are questionable in terms of fundamental knowledge [30]. In this case, the 
Oscillator model has been proved to be advantageous over the other models. For instance, it 
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considers the chemical properties and structure of the materials for gas transport in ultra-
micropores, and as such it can be considered to be more fundamental than curve fitting models. The 
Oscillator model gives almost the same result as molecular dynamic simulation, with a major 
advantage of reducing computational time as it is 2-3 orders of magnitude faster [31-34]. The 
Oscillator model is also much more accurate than some simple models like Knudsen model and 
Hagen-Poiseuille model as it considers the Lennard Jones potential variation in the micropores [31, 
35]. Furthermore, the Effective Medium Theory (EMT) model was considered by bearing in mind 
the pore size distribution in silica derived materials. These models validated the experimental 
results and explain the effect of mercury adsorption/condensation on the transport of gases in ultra-
microporous materials. 
 
7.2 Experiment  
 
Cobalt oxide silica  (CoOxSi) membranes were prepared on γ-alumina coated -alumina tubes (110 
mm length; 10 mm diameter) supplied by Noritake Co. Ltd., Japan. The CoOxSi sol-gel solutions 
were prepared from tetraethyl orthosilane (TEOS), ethanol (EtOH), 30% hydrogen peroxide (H2O2) 
in water (H2O) and cobalt nitrate hexahydrate (Co(NO3)2•6H2O) with the molar ratios of 
255EtOH:4TEOS:1Co(NO3)2•6H2O:9H2O2:40H2O. The dip-coating process conditions were 
achieved using a controlled immersion time of 1 min, and immersion/withdrawal speed of 2 cm 
min
−1. Subsequent calcinations of each layer were carried out at 630 ˚C in ambient pressure and air, 
and held for 4 hours with a heating and cooling rate of 1 ˚C min−1. A total of 2 CoOxSi layers were 
coated onto the outer surface of the alumina substrate.  
 
Fig. 7.1 depicts the apparatus used to conduct the Hg adsorption and gas permeation. The 
membranes were subjected sequentially to pure N2 and then N2 + 30 ngHg L
-1
 up to N2 + 300 ngHg 
L
-1
 from 100 to 300 ˚C. For each experimental temperature set point, the temperature was held for 1 
hour prior to experimental work. A PSA Cavkit equipment was used as the Hg controlled emission 
unit. A heat source in the PSA Cavkit allowed for Hg to vaporise and the concentration of Hg was 
adjusted by mass flow controllers (MFC-1 and MFC-2). Excess gas was vented. The gas mass 
balance was checked by a series of flow meters in the feed (FM-2), permeate (FM-4) and retentate 
(FM-3). The Hg mass balance was performed by capturing Hg in the permeate and retentate streams 
using an activated carbon sorbent (Norit Darco Hg) as the back-up capture. The two back-up 
capture units were analysed using a LECO AMA 254, a dedicated spectrophotometric instrument 
for measuring Hg.  
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Fig. 7.1 Schematic diagram of the Hg experimental setup  
 
In the case of Hg adsorption, the experimental rig was the same as in Fig. 7.1, the only difference is 
that the membrane unit was replaced by a tube containing a small glass wool holder to hold an 
amount of CoOxSi xerogels as sorbents. In this case, there was just one outlet stream “B” in Fig. 
7.1. The CoOxSi xerogels were exposed to gas streams from N2 + 30 ngHg L
-1
 up to N2 + 300 ngHg 
L
-1
 at temperature from 100 to 300 ˚C. After a single exposure test, the CoOxSi sample was 
analysed by a LECO AMA 254 spectrophotometric instrument for measuring Hg concentration. 
The CoOxSi xerogels were prepared and calcined in the same manner as the CoOxSi membranes. 
 
7.3 Gas transport modelling across silica membrane 
 
Gas transport in nanopores behaves very differently from normal gas flow. Whilst the latter is 
dominated by gas to gas interaction, in nanopore the motion of the gas molecules are in close 
contact to the pore wall. All gases interact with the pore walls. This interaction is often modelled 
via the Lennard Jones (L-J) potential. In the case of gas transport in ultra-microporous structures, 
the interaction between the gas molecule and the pore wall is very strong. The distance between the 
walls are very close, or the pore radius is too small, and the L-J potentials from the walls overlap 
and the gas motion is strongly affected by the Van der Waals force. To address this unique transport 
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phenomenon, the oscillator model was developed and proved to be a proper tool to accurately 
predict both diffusion and adsorption equilibrium constants. Although the oscillator model was 
addressed in Chapter 6, in this section some of the equations in Chapter 6 will be shown and 
discussed again. It is important that some of the equations are discussed again in the context of this 
chapter which couples the oscillator model with the EMT theory. 
 
For molecules oscillating in a cylindrical pore that undergo diffuse reflection upon collision with 
the pore walls, the transport diffusivity [35] can be expressed as:  
Bk TD
m
                                                               (1) 
where Bk  is Boltzmann constant, T  is temperature, m  is molecular weight and   is the mean 
hopping time of gas molecules. The hopping time is defined as the duration between two moments 
when the radial momentum is zero. It is derived from the solution of the Hamiltonian equations of 
motions of a molecule moving under a radial potential field  
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Considering canonical distribution for rp  and p , we have 
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Combining Eq. (1), (2) and (4), it gives the diffusion coefficient as 
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The permeate flux through a single pore generally expresses as [36-38] 
qD
J
RT
                                                               (6) 
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where q  is the concentration of gas molecule in the pore. The chemical potential gradient   is 
the driving force for gas transportation. For an ideal gas, it can be approximately expressed as a 
function of pressure 
0 lnRT p                                                         (7) 
So the flux may be rewritten in term of pressure drop by assuming a linear pressure gradient 
qD
J p
cRTl
                                                             (8) 
where c  is the gas phase concentration. The coefficient K  is defined as the ratio of adsorbed 
concentration to gas phase concentration  
q
K
c
                                                                (9) 
Then in a cylindrical pore with radius pr  we have  
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From Eq (8) and (9), the permeate flow can be rewritten as 
2
pr KD
F p
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It is also important to consider the conductance of a pore with radius pr  
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Eq. (12) indicates that the conductance depends on the pore size. However, silica matrices are 
amorphous and do not have a single pore size. In other words, the pore size distribution (PSD) of 
ultra-microporous silica membrane ranges between 2.5-4Å, with a proportion of pores smaller than 
3Å [39, 40]. However, it has been demonstrated by using Positron Annihilation Spectroscopy that 
amorphous silica matrices have narrow tri-modal pore size distribution at 2.5-4Å, 6.7-7.8Å and 12-
14Å [41]. Silica derived membranes containing 4-6 silica layers are generally characterised by He 
and H2 permeations of two to three orders of magnitude higher than that of N2 which is a gas with a 
kinetic diameter of 3.6Å. This means that the permeation of gases is controlled by constrictions 
with pore sizes below 3.6Å as N2 rarely access these smaller pores due to their high L-J potential. In 
other words, if N2 does not have the kinetic energy to enter these smaller pores, then N2 cannot 
enter and adsorb on these smaller pores. Hence, the conventional nitrogen adsorption method 
generally used to determine PSD is limited to the lower pore sizes of 3.6Å, and is not applicable to 
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determine the PSD for smaller pore sizes. A possible way to obtain the distribution is from 
molecular dynamic simulation. Yoshi et al. [42, 43] calculated the PSD of silica by molecular 
dynamic simulation which is a good approximation of the CoOxSi materials used in this work. The 
PSD was given in terms of volume density. In this thesis, modelling requires the PSD in terms of 
number density. The volume density can be converted to number density by Eq. (13): 
  
2
20
( )
( )
( )
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v p
N p
v p
p p
p
f r
f r
f r
r r
r
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
                                                (13)  
where vf  is the PSD volume density and Nf is the PSD number density. Fig. 7. 2 shows the PSD in 
terms of volume density and number density. Three major peaks were observed around the pore size 
1, 1.8 and 2.6Å. These results correspond to 4-membered, 5-membered and 6-membered siloxane 
rings as published elsewhere [44], respectively.  
 
Fig. 7. 2 The PSD in terms of volume density and number density 
 
Eq. (12) shows that the conductance is a function of pore size. The EMT conductance is given by 
the solution from 
( )
0
( ) 1
2
p e
p e
r
N
r
 
 


 
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 
                                              (14) 
 
where  represents the average over the pore size distribution. The permeate rate may be 
expressed as  
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where L is the membrane thickness, p is the porosity and t  is the tortuosity. 
7.4 The model of Hg vapour adsorption 
 
If N2 is mixed with Hg vapour, Hg vapour will possibly adsorb on the pore wall. Depending on how 
strong the Hg vapour adsorption is, it could effectively cause pore blockage. The physical 
adsorption is likely to occur when the potential for Hg in the pore is lower than the potential for Hg 
in the gas phase. The potential in a cylindrical pore can be obtained from L-J 12-6 potential [45] is 
defined as: 
12 6
2
6 30 0 2 2 2 2 2 2
( ) 8 - d d
2 cos 2 cos
p
p p p p
r r z
r r r r z r r r r z
  
  
 


           
      (16) 
where   is the areal density of sites on the pore surface,  and  are the L-J constants. For 
different types of atoms, the constants are estimated by Lorentz Berthelot mixing rules [46-48]  
 AB A B
1
2
                                                          (17) 
AB A B                                                               (18) 
 
Table 7.1. lists the L-J parameters of gas and solid considered in this work [32, 49, 50]. It is 
noteworthy that Hg has a large value of ɛ/kB which implies that Hg has higher adsorption than other 
gases. The minimum potential of a Hg molecule to pore size in a cylindrical pore is displayed in Fig. 
7.3. It shows that Hg has significant interactions with the silica pore sizes of ~3.8Å, which means 
~3.8Å pores are the most adsorptive to Hg. For pores smaller than 3Å, Hg rarely adsorb due to the 
high positive potential energy of these pores. In the case of N2 gas, the shallow potential curve (Fig. 
7.3) implies that N2 has low adsorption capacity. 
 
Table 7.1. Lennard-Jones parameters used in this model 
Parameter  Hg Si N2 
σ (nm) 0.289 0.28 0.3572 
ɛ/kB (K) 1304 290 93.98 
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Fig. 7.3 The minimum potential of Hg and N2 as a function of pore size 
 
The equilibrium constant K  for Hg is  
exp( )
Hg
K
RT

                                                       (19) 
so the Hg concentration in the pore can be expressed as 
Hg
Hg
pKp
q
RT

                                                        (20) 
 
The number of molecules in a pore is giving by: 
2
p A Hg p( ) tN r N q r l                                                  (21) 
where AN is the Avogadro's constant. If there are more than one Hg molecule in a pore, it is simply 
assumed that the pore is blocked and is not available for gas transportation. If the number of Hg 
molecules in a pore is less than one, the pore has a probability to be blocked, and the value p( )N r  is 
the same as the probability of pore-blockage. So the probability of a pore still being open is  
( ) 1 ( )p pP r N r                                                        (22) 
 
After the membrane is exposed to Hg vapour, some pores are blocked by Hg adsorption. The new 
pore size distribution in term of number density is given by 
( ) ( ) ( )N Ng r f r P r                                                    (23) 
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Fig. 7.4 shows the PSD from 3Å where Hg adsorption takes place at different temperatures. For the 
pores <3Å, Hg does not adsorb due to the high potential energy required for such small pores. 
Therefore, the PSD in the range of <3Å is not affected by Hg adsorption. For the pores >3Å, the 
pores are blocked by Hg adsorption and the degree of blockage is different from temperature to 
temperature. At 100˚C, Hg adsorption is significant and the number of available open pores is 
greatly reduced as shown to be zero from 3.5 to 4.7Å (see Fig. 7.4). As the temperature increases to 
200 and 300 ˚C, Hg adsorption is less significant and the number of available open pores increase 
compared to 100 
o
C. When the adsorption is no longer significant at 300 
o
C, the PSD is almost the 
same as original PSD (without Hg exposure or adsorption). 
 
  
Fig. 7.4 The effect of Hg adsorption on pore size distribution from 3Å at different temperatures (30 
ngHg L
-1
) 
7.5 Results and discussion  
 
The permeation of both the uncoated γ-alumina substrate and membrane coated γ-alumina was 
tested with the simulated gas N2 + Hg vapour. The adsorption of the same gas was also measured 
for alumina and CoOxSi powders. 
 
7.5.1 Adsorption  
 
An initial adsorption experiment was carried out to verify if Hg adsorbed on the alumina and the 
CoOxSi powders. The samples were exposed to N2 + Hg 30 ng L
-1
 from 100-200 
o
C for 60 minutes. 
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Fig. 7.5 shows that the Hg vapour captured by the CoOxSi xerogel is at least 3-fold higher than that 
of the alumina powders. These results strongly suggest that CoOxSi has a greater affinity to Hg. 
The trends of adsorption with temperature are consistent with the conventional adsorption theory, as 
the amount of Hg captured by the samples decreased with the increase in temperature. Particularly 
important is the significant reduction in Hg capture at 200 
o
C for the alumina sample, showing 
values close to zero. 
 
Fig. 7.5 The comparison of Hg vapour capture rate by the CoOxSi xerogel and the alumina powder. 
 
 
The structural property of the CoOxSi xerogels were determined using N2 adsorption at 77K in a 
Micromeretics TriStar II 3020. The nitrogen isotherm in Fig. 7.6 exhibits a type I adsorption curve, 
a characteristic of  microporous materials. This N2 isotherm is consistent with those reported for 
high quality ultra-microporous CoOxSi membranes [51, 52]. The micropore volume and BET 
surface area of the CoOxSi xerogel are 0.141 cm³g
-1
 and 312.5 m²g
-1
, respectively, much higher 
than the surface areas for the alumina [53]. The ɛ/kB value of the silica (290K) is also larger than 
that of the alumina (108.47 K [54]), which means that silica has a propensity to be a more 
physically adsorptive material than alumina. 
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Fig. 7.6 Nitrogen adsorption (77K) isotherm of CoOxSi material 
 
In order to understand the effect of Hg adsorption, CoOxSi xerogels were placed on a mesh and Hg 
adsorption was carried out at 100, 200 and 300 ˚C. For each case, the weight change of each sample 
was recorded at 5, 10 and 20 minutes. The Hg adsorption as a function of time is displayed in Fig. 
7.7. The Hg adsorption quantity decreased with temperature and increased as function of the Hg 
vapour concentration (Fig. 7.8). These two phenomena are in line with most of the gases and vapour 
adsorption results. However, the Hg adsorption did not reach equilibrium after 20 minutes, which is 
longer than most of other gases. In addition, testing time was extended to 60 minutes at 300 ng L
-1
 
at 100 ˚C as shown in Fig. 7.7 and the adsorption quantity still increased at the same rate with time. 
Further tests were carried out at lower temperatures, but the quantity of mercury adsorbed reached 
values in excess of the maximum detection levels and could not be used. The results obtained 
experimentally strongly suggest that Hg adsorption follows a linear Henry’s law relationship (see 
Fig. 7.8), similar to the adsorption of gases on silica xerogels as reported elsewhere [55]. These 
results suggest that Hg adsorption is in the low coverage region. In addition, in view of the 
experimental limitations, it is assumed that Hg sorption behaves like gas adsorption on silica 
materials. 
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(a)                                                                              (b) 
Fig. 7.7 Hg vapour adsorption (±35.8%) at 100 ˚C for different Hg concentration load.  
 
Fig. 7.8 Hg vapour adsorption (±35.8%) at the fifth minute for different temperatures as a function 
of the Hg concentration. 
 
The Hg spectrophotometric analysis (via LECO) was repeated to ensure that all the Hg adsorbed on 
the samples was accounted for. It was found that the Hg adsorbed on the sample could not be 
removed completely at a single time analysis and had to be repeated several times. Fig. 7.9 shows 
an example where six Hg desorption cycles were necessary to effectively remove Hg from the 
material. All values in Fig. 7.7 and 7.8 include the full Hg desorption values. However, it is 
interesting to note the following desorption trends. The first desorption time generally resulted in 
75% desorption of the total Hg adsorbed. This was attributed to Hg adsorbed at the outer surface. 
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The remainder 25% took another 5 desorption cycles suggesting that Hg diffused very slowly from 
inner particle to the outer surface. Therefore, these results confirm the low Hg diffusivity in CoOxSi 
matrices.  
 
Fig. 7.9 LECO analysis of sample which was exposed to 300 ngHg L
-1
 for 60 mins at 100 ˚C. 
 
The equilibration time for adsorption and/or desorption processes is generally very short (in the 
order of several μs) [56, 57]. Results in Fig. 7.7 suggest a slow adsorption profile very likely limited 
by the low diffusivity of Hg in the CoOxSi material. In this case, there is a common trade-off 
between adsorb-ability and mobility for most gases. If a gas easily adsorb on a material, it moves 
very slowly accordingly. Previous adsorption results and modelling results in Fig. 7.3 show that Hg 
has strong affinity to CoOxSi xerogel, so the mobility of Hg in CoOxSi is possibly very low. 
Therefore the diffusion of Hg in the ultra-micropores is presumably the rate controlling process of 
this adsorption experiment. Therefore, it is important to develop a model to predict the transient 
profile adsorption of Hg on the CoOxSi matrices. By assuming the powder particles as spheres, the 
Hg adsorbed concentration profile follows: 
2
2
( )
q D q
r
t r r r
  
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                                                  (24) 
The boundary condition of Eq. (24) is  
Hgp
q K
RT
                                                           (25) 
at where pr R . pR is the particle radius of the CoOxSi powder used in this experiment. The mean 
equilibrium constant, K , can be estimated from the integration over the volume pore size 
distribution [58, 59] using 
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 The total adsorbed Hg weight to sample weight is  
2
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
                                      (27) 
 
Eq. 24 was used to fit the experimental Hg adsorption values, and the fitting results are shown in 
Figs. 7.10 (a) to (c). The modelling results fitted quite well with the experimental results, where 
under or over prediction is minimal. Fig. 7.10 (d) shows the diffusivity value obtained by Eq. (24) 
from fitting the experimental data. It increases from 1.5×10-16 to 4.0×10-12 m s-1 in the temperature 
range of this work, showing a diffusion activation energy 8.7kJ mol
-1
. The Hg diffusivity is very 
low and the adsorbed Hg on the surface needs a long time to diffuse to the inside of the sample 
particle. The Hg diffusivity fitting results is also supported by the slow desorption as evidenced by 
the experimental results in Fig. 7.9.  
 
(a)                                                                           (b) 
 
(c)                                                                        (d) 
Fig. 7.10 The adsorption amount (± 35.8%) of Hg vapour as a function of time for different 
conditions (a) 100˚C, (b) 200˚C, (c) 300˚C, and (d) the fitting diffusivity values. 
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7.5.2 Permeation test of CoOxSi membrane 
 
The permeations of both pure N2 and N2 + Hg vapour mixture through CoOxSi membrane were 
measured at feed pressures of ~2.7 bar, whilst the permeate side was kept at 1 bar. The temperature 
was varied from 100 to 300 ˚C. The results in Fig. 7.11 show that the permeance of pure N2 
decreased as a function of temperature. This is a common trend for the permeance of pure N2 in 
high quality ultra-microporous silica derived membranes [11, 60]. This is generally associated with 
a negative apparent activation energy, calculated to be -15.9 kJ mol
-1
 for the results shown in Fig. 
7.11. Contrary to this trend, the addition of Hg to the N2 gas stream resulted in significant changes 
as the permeation of N2 became almost constant with temperature. Hence, the apparent activation 
energy increased to values close to 0.0 kJ mol
-1
.  
 
Fig. 7.11 The permeance (±10%) of N2 for different feed gas Hg concentration at different 
temperatures. 
 
Table 7.2 shows the average flow rates of Hg through the membrane. It is interesting to note that the 
Hg flow rate increase is almost proportional to the Hg concentration load. For instance, the Hg flow 
rates increase on an average of 5.06 times (30 to 150 ng L
-1
), and 9.1 times (30 to 300 ng L
-1
). 
Although measuring Hg flow rates at ng s
-1
 is susceptible to significant experimental variations of 
±14 to ±75%. This experimental variation is significant compared with those for gas permeation 
which has simpler measurement steps and greater experimental control. In the case of Hg 
permeation, apart from the conventional permeation variation of ±10%, this value is compounded 
by the variations that arise from the Hg emission source, sample weight measurement and the Hg 
spectrophotometry variations. 
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Table 7.2. Average Hg flow rates 
Hg concentration 30 ng L
-1
 150 ng L
-1
 300 ng L
-1
 
Hg average flow rate 7.6×10-4 ng s-1 3.9×10-3 ng s-1 7.0×10-3 ng s-1 
Experimental variation 75% 53% 14% 
 
7.6 Oscillator + EMT model validation  
 
The oscillator model results in Fig. 7.12 indicate that N2 permeability is a decreasing function of 
temperature when the silica pores are larger than 3.2Å. When the pore size is smaller than 3.2Å, the 
permeability of N2 should increase with temperature. Since the permeability is defined as 
g
DK
R T
 in 
this model, the permeability variation with temperature is explained by separating  D  and
g
K
R T
 in 
Fig. 7.13. The diffusion coefficient is a monotone-increasing function of temperature and also a 
monotone-increasing function of the pore size which can be evaluated by Eqs. (1) and (5).  
However, the 
g
K
R T
 constant in Fig. 7.13 shows more complicated trends which generally increases 
as a function of pore sizes but it does not follow a single trend as a function of temperature. It is 
noted that 
g
K
R T
 increases with temperature when pore sizes are < 3.2Å, and a decreasing function 
of temperature for pore sizes > 3.2Å. Due to adsorption principles, the gas concentration in nano-
pores generally decreases with temperature, so 
g
K
R T
 should be a decreasing function of temperature. 
However, the results show an opposite trend for the pores < 3.2Å. This is attributed to the high 
potential in the smaller pores, as the gas molecules need high kinetic energy to squeeze into these 
tiny pores. As the kinetic energy increases with temperature, so does the gas concentration for pores 
< 3.2Å. The effect of temperature and pore size is significantly higher for 
g
K
R T
than D , so the 
permeability 
g
DK
R T
 as a function of temperature is dominated by 
g
K
R T
. In other words, the cross 
point of different temperature was found at pore sizes equal to 3.2Å, and permeability will increase 
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with temperature at smaller pore sizes, contrary to the decrease in permeability for the larger pore 
sizes.  
 
 
  
Fig. 7.12 N2 permeability 
g
DK
R T
 versus pore size predicted by Oscillator model 
  
Fig. 7.13 Diffusion coefficient D and 
g
K
R T
 versus pore size modelled by Oscillator 
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From the PSD in Fig. 7.2. it is demonstrated that most pores have size smaller than 3.2Å, and only a 
few pores are larger than 3.2Å. However pure N2 permeation strongly suggest that the total 
permeate flow is dominated by the permeation through pores larger than 3.2Å. This is because the 
flow contribution from each pore size is not proportional to the number of pores. Larger pores have 
a higher contribution to the total permeation flow, translating into higher permeability. For example 
the permeance of a 3.5Å single pore is 2531 times higher than that of a 3.1Å single pore based on 
the oscillator prediction.  
 
The changes in transport phenomena observed experimentally in Fig. 7.11 strongly suggest that Hg 
affects the diffusion or adsorption of N2. Therefore, the Oscillator and the EMT models discussed 
above were used to explain the interesting effect of Hg on the change of N2 permeation. Since the 
information of L , p and t in Eq. (15) are difficult to obtain, a dimensionless flux is defined as:  
o100 C,Hg=0
DML
T
J
J
J

                                                        (28) 
where  JDML is a dimensionless flux, J is the N2 gas flux and JT=100oC, Hg=0 is the N2 gas flux at 100 
o
C without Hg. The results using Eq. (28) and the gas permeation results in Fig. 7.12 are displayed 
in Fig. 7.14. 
 
Fig. 7.14 also shows the oscillator model predictions. The first observation is the oscillator model 
fitted reasonably well with the pure N2 permeation results. These results strongly suggest that gas 
permeation is dominated by diffusion through pores > 3.2Å, in line with both oscillator model and 
EMT theory. However, the flux of mixture is almost constant regardless of temperature as 
determined by the experimental results (Fig. 7.11) and also by the oscillator model results in Fig. 
7.14. It is interesting to observe that the presence of Hg vapour reduced the N2 permeance by 85.4% 
at 100 ˚C and 55.0% at 200 ˚C. However, this effect is deemed insignificant at 300˚C.  
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Fig. 7.14 The dimensionless flux of pure N2 and N2+Hg vapours for different temperature 
 
The results in Fig. 7.14 strongly suggest that the effective pore size distribution for N2 permeation at 
different temperatures has changed due to the Hg adsorption. This can only be attributed to Hg 
adsorption, thus reducing the pore size for N2 permeation. As shown in Fig. 7.5 and Fig. 7.10, Hg 
adsorbed strongly at lower temperature than at higher temperature. The Hg adsorption results 
therefore correlate well with the reduction of N2 permeation at 100 and 200 ˚C, whilst the low Hg 
adsorption at 300 
o
C did not affect N2 permeation. There are two important considerations namely: 
(i) pore blockage and/or (ii) reduction of the pore size distribution.  
 
The first point of consideration is pore blockage. If pores are blocked by Hg adsorption, then N2 
fluxes would reduce accordingly. As the CoOxSi matrices have a broad pore size distribution, then 
the question is whether the large pores (>3.2Å) or smaller pores (<3.2Å) were blocked, considering 
that the kinetic diameter of Hg is 2.89Å. In principle, Hg molecules will be seeking the low energy 
levels which is a general thermodynamic principle. This is clearly shown in Fig. 7.3 where the 
lowest potential for Hg adsorption is for pore sizes ~3.8Å. It has been demonstrated by using 
Positron Annihilation Spectroscopy that amorphous silica matrices have narrow tri-modal pore size 
distribution at 2.5-4Å, 6.7-7.8Å and 12-14Å [41]. It is generally expected that CoOxSi matrices will 
have similar pore size distribution which is dominated by the silica amorphous matrices. However, 
we must observe that silica derived films are amorphous in nature, the gas permeation will be 
mainly controlled by the bottle and/or the necks in percolations pathways. The CoOxSi membrane 
tested in this work with 2 layers of thin film only resulted in He/N2 permselectivity of 2.2, which is 
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low for silica membranes. This result confirms that there are several percolation pathways with pore 
sizes in the region of 6.7-7.8Å and 12-14Å. If the membrane had permselectivity values in excess of 
100, then it could be argued that the percolation pathways would be controlled by pore sizes in the 
region of 2.5-4.0 Å only. Hence, very likely the percolation pathways were controlled by the 
smaller and larger pores in this work. 
 
As Hg will go to the lowest potential, then it is likely that Hg diffused and adsorbed on the larger 
pores (6.7-7.8Å and 12-14Å). However, if there is just one Hg molecule adsorbed in these pores, 
there is a narrowing of the pore sizes. For instance, the 6.7-7.8Å range will reduce to 3.8-4.9Å. This 
range is still large enough for N2 (dk = 3.6Å) to diffuse through. It must be also noted, that Hg 
molecules prefer to coalesce with each other, and therefore these smaller pores could be also 
blocked. This could also happen for the larger pores in the range of 12-14Å. An additional point 
here is that Hg can also enter and block the smaller pores in the range of 2.5-4Å (from 2.9Å). 
Therefore, the reduction in the permeation of N2 can be attributed to pore blockage as well as to the 
reduction of the average pore sizes or narrowing of the PSD. 
 
The effect of Hg sorption on N2 permeation can be further explained by considering the effect of 
temperature. The Hg sorption at 100 ˚C was stronger and significantly contributed to pore blockage 
and/or the reduction of the average pore sizes. Hence, the N2 permeance significantly reduced from 
pure N2 to N2 + Hg vapour mixture permeation. However, Hg adsorption was very weak at 300 ˚C, 
and the effect of Hg blocking the pores or reducing the average pore sizes was negligible.  
 
A further consideration is the Hg concentration changes from 30 to 300 ng L
-1
 in the total 
performance of the membrane. Fig. 7.8(b) shows that the adsorbed Hg concentration is 
approximately proportional to the feed Hg vapour concentration. These results would suggest that 
the number of pores blocked or the reduction of average pore sizes would increase as a function of 
the Hg concentration load in the N2 + Hg mixture. However, Table 7.2 showed that Hg flow rates 
increase on an average of 5.06 times (30 to 150 ng L
-1
), and 9.1 times (30 to 300 ng L
-1
). These 
results indicate that Hg is not continuously accumulating in the membrane, and tends to follow 
adsorption and desorption equilibrium, similar to the Henry’s law adsorption. 
 
Nevertheless, the N2 permeation did not reduce with increasing Hg concentration load in the gas 
mixture. In principle, it would be logical to assume that as the Hg concentration increases, it will 
likely reflect an increasing pore blockage. However, this is not the case. The first reason is that Hg 
preferentially coalesces with another Hg molecule. So if a small pore (2.5-4.0Å) is already blocked 
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by a Hg molecule, there is a high probability of another Hg molecule entering into the same pore, 
and/or coalescing at the entrance of a bottle neck. In addition, for the large pores (6.7-7.8Å and 12-
14Å), there is high probability that Hg will be coalescing with the Hg molecules that are already 
adsorbed on these pores. As the N2 permeance does not reduce with the increase in Hg loading (and 
likewise Hg adsorption), these results strongly suggest that the coalescence of Hg molecules occurs 
along the pore wall rather than radially. The latter would cause more pore blockage and major 
reduction in N2 flux which is not experimentally demonstrated. 
7.7 Conclusion  
 
This work investigates the effect of condensable Hg vapour on the permeation of N2 gas through 
ultra-microporous (i.e. CoOxSi) membranes. It was found for the first time that the N2 permeation 
was significantly affected by the presence of Hg vapour. This was attributed to the strong Hg 
adsorption even though Hg concentration loading used in this experiment was extremely low 
(maximum of 300 ng L
-1
). The existence of Hg greatly reduced N2 permeance by 85.4% at 100 ˚C 
and 55.0% at 200 ˚C. However, this effect was not significant at 300 ˚C due to a weak Hg 
adsorption. Hence, there was a correlation between Hg adsorption and N2 permeance. 
 
To explain the experimental results, the oscillator model together with the Effective Medium 
Theory (EMT) was applied to understand the unusual N2 transport phenomena behaviour. The pure 
N2 permeate flux across the CoOxSi membrane decreased as a function of temperature, which 
shows a negative apparent activation energy. The oscillator model suggests that the pure N2 
permeation is dominated by pores larger than 3.2Å. The observed reduction in N2 permeation 
suggests that Hg adsorption blocked the small pores (2.5-4.0Å) and/or narrowed the size of the 
larger pores (6.7-7.8Å and 12-14Å).  
 
In principle, Hg tends to seek the lower potential which is associated with the diffusion into pores of 
~3.8Å. In view of the amorphous nature of silica matrices, gas permeation is also 
thermodynamically favoured into low energy levels, meaning permeation takes place in the larger 
pores. Hence, it is very likely that Hg adsorption occurred at the large pores, thus reducing the 
average pore sizes for N2 permeation. In addition, increasing the feed Hg concentration from 30 to 
300 ng L
-1
 in the gas mixture did not cause a decrease in the N2 permeation. It was found that Hg 
did not accumulate in the membrane matrix, as the average Hg flow rates increased at the same 
ratios as the Hg concentration loading in the feed gas mixture. Hence, the increase in Hg adsorption 
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coverage was attributed to preferential Hg molecule coalescence in the small pores (2.5-4.0Å) or 
coalescence along the pore wall for the large pores (6.7-7.8Å and 12-14Å). 
Nomenclature 
 
c  gas concentration (mol m
-3
) 
D  diffusivity (m
2
 s
-1
) 
Nf  pore size number density distribution (Å
 -1
) 
vf  pore size volume density distribution (Å
 -1
) 
Ng  number density distribution after some pore is blocked by Hg (Å
 -1
) 
K  equilibrium constant 
mK  mean  equilibrium constant 
Bk  Boltzmann constant (J K
-1
) 
L  membrane thickness (m) 
l  pore length (m) 
m  molecular weight (kg) 
N  number of molecules in a pore 
R  gas constant (J mol
-1
 K
-1
) 
pR  particle radius (m) 
r  radial coordinate (m) 
1cr  radial coordinate where radial momentum is zero (m) 
cor  radial coordinate where radial momentum is zero (m) 
pr  pore size (m) 
T  temperature (K) 
t  time (s) 
P  probability of a pore not being blocked by Hg 
p  pressure (Pa) 
rp  radial momentum (kg m s
-1
) 
zp  axial momentum (kg m s
-1
) 
p  tangential momentum (kg m s
-1
) 
q  concentration inside pore (mol m
-3
) 
W  weight (kg) 
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Greek letters  
  Lennard Jones well depth (J) 
p  membrane porosity 
  areal density of sites on the pore surface (m-2) 
  angular coordinate 
  mass transfer conductance (mol s-1 Pa-1) 
  chemical potential (J mol-1) 
Sample  sample density (kg m
-3
) 
  Lennard Jones collision diameter (m) 
  hopping time (s) 
t  tortuosity 
  potential (J) 
  number density distribution 
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Chapter 8 Conclusions and 
Recommendations 
8.1 Conclusions  
A cylindrical 2D CFD model coupled with membrane mass transfer as sink and source term was 
developed to investigate and simulate H2/Ar separation in a large cylindrical membrane module and 
validated against experimental results. It was found that the fluid dynamic significantly affected the 
gas permeation due to the gas properties at high temperatures (200 to 500 ºC). Additionally, it was 
found that concentration polarisation is negligible. Therefore, the 2D model can be satisfactorily 
represented by a 1D model for high temperature gas separation in ultra-microporous silica derived 
membranes.  
 
The engineering design and process for high temperature gas separation was systematically 
investigated by a transient 1D model. In the first study, the design of large membrane modules were 
considered in terms of feed flow rate, feed pressure, and flow configuration. The simulated results 
provided performance assessment in terms of process engineering for trade-off outputs of H2 yield, 
H2 purity and H2 recovery. All these parameters are inter-related and the findings of this study allow 
process engineers to determine best operating conditions to achieve the required performance. It 
was interesting to find out that the confinement effect by varying the module radius, or the flow 
configuration (co-current or counter-current) effect, did not provide significant variations in these 
outputs, attributed to the high gas to gas diffusion at high temperatures. A second study was carried 
out to investigate the performance of large membrane modules based on geometrical aspects such as 
the length of the membrane tube, and the number of membranes in parallel configuration. It was 
found that the performance was compromised by over-designing the membrane area, which reduced 
the H2 purity in the permeate stream. The 1D model also allowed for the investigation of 
performance parameters as the feed gas velocity could be increased though reducing the H2 
recovery. The feed H2 fraction can also be improved by recycling and likewise H2 purity. The 
application of the 1D transient model gives fundamental considerations in terms of engineering 
membrane module design in tandem with process engineering performance. 
 
In order to determine the average pore sizes for gas permeation, the oscillator model was used 
together with physical parameters of silica membranes and experimental results. In view of the 
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positive activation energy for the permeation of the smaller gases, He (dk = 2.6Å) and H2 (dk = 
2.89Å), these molecules could diffuse through smaller pores as compared to their kinetic diameters. 
This was attributed to the positive activation energy for gas permeation, which conferred high 
kinetic energy for these gases to oppose the repulsive forces or energy barrier at the entrance of the 
small silica pores. In other words, the apparent activation energy is correlated to the potential 
energy in the pore. This work therefore shows that pore sizes in amorphous silica membranes can 
be determined theoretically by considering fundamental thermodynamic properties and 
experimental data. For instance, the Maxwell Boltzmann speed distribution and partition function 
were used to describe the diffusion mechanism and the physical meaning of diffusion activation 
energy, heat of adsorption and apparent activation energy. The oscillator model in consideration of 
the radial potential variation was applied to predict the diffusion coefficient and Henry’s constant 
for different pore sizes and temperatures. Based on these results, the silica derived membrane had 
pore sizes (from surface to surface of oxygen in the siloxane groups of silica) equivalent to ~2.1Å 
and 2.44Å for He and H2 permeation, respectively.  Similar approach for the adsorption of CO2 (dk 
= 3.40Å) and Ar (dk = 3.40Å) resulted in pore sizes of d=3.32Å and d=3.13Å, respectively. 
The effect of condensable Hg vapour on the transport of N2 gas across the cobalt oxide silica 
(CoOxSi) membrane was investigated as industrial syngas mixtures always contain mercury at 
small concentrations. It was shown for the first time that the N2 permeation was significantly 
affected by the presence of Hg vapour. The existence of Hg greatly reduced N2 permeance by 
85.4% at 100 ˚C and 55.0% at 200 ˚C. However, this effect was not significant at 300 ˚C due to 
weak Hg adsorption. The oscillator model together with the Effective Medium Theory (EMT) was 
applied to understand the unusual N2 transport phenomena changes. This was attributed to the 
strong Hg adsorption which partially blocked or narrowed the pores, thus changed the available 
pore size distribution for N2 permeation. In addition, increasing the feed Hg concentration from 30 
to 300 ng L
-1
 in the gas mixture did not decrease the N2 permeation. This suggests the coalescence 
of Hg on the small pores, or along the pore wall for the larger pore. 
8.2 Recommendations  
 
The CFD and membrane mass transfer, Matlab model, were validated against a binary mixture for a 
large membrane module, generally 50 to 100 times larger than laboratory scale modules for testing 
gas at high temperatures. Although this is the first attempt into the direction of designing and 
predicting the performance of large industrial membrane modules, it is recommended that the 
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experimental tests and model should also be extended to more complex industrial gas streams 
containing multi-gas components (more than 3) and water vapours. 
The oscillator model showed for the first time the possibility of determining the pore size for gas 
permeation based on fundamental thermodynamics and experimental results. This work should be 
extended to actually determine the pore size distribution of amorphous silica membranes, and to 
that matter to any other type of microporous materials. 
Finally, the oscillator model coupled with the Effective Medium Theory should be tested for other 
types of condensable gases. For instance, tars are common in biomass gasification which contains a 
mixture of oxygen-containing hydrocarbons and complex polynuclear aromatic hydrocarbons. This 
would allow the confirmation of the proposed model for the general application for industrial gases 
containing condensable vapours. 
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Appendices  
Matlab codes for Chapter 3 
 
%initialization------------------------------------------------------------ 
clear 
clc 
close all 
miu=2E-5;     %viscosity 
L=1;             %module length 
L1=0.38;         %length and position of the membrane 
L2=0.54; 
L3=0.64; 
L4=0.8; 
R=0.05;          %module radius 
rr=0.007;          %membrane radius 
n=200;            %number of cells in axial direction 
N=n+2;          
mf=8;           %number of cells in radial direction in feed 
global Mf; 
Mf=mf+2; 
p0=6E5;         %retentate pressure 
pp0=1e5;        %outlet pressure 
Feedflow=200e-6;     %feed volume flow rate 
u0=(((Feedflow/60)*(1E5/p0))*((273+400)/(273+20)))/(pi*(R*R-rr*rr));     %inlet velocity 
dz=L/n;           
dr=(R-rr)/mf; 
mp=4;             %number of cells in radial direction in permeate 
global Mp; 
global i; 
Mp=mp+2; 
Mn=floor(L2/dz);      %the membrane number where propaly has the lowest fraction 
drr=rr/mp; 
Df=5.6856e-5;         %diffusivity 
Dp=3.4144e-4;         %diffusivity 
  
%initialization 
global xf; 
xf=zeros(N,Mf);         %fracton of feed side 
xf0=0.5; 
xf(:)=0.5*(xf0/0.8)*(Feedflow/200e-6); 
xf(1,:)=xf0; 
  
global xp; 
xp=zeros(N,Mp);       %fraction of permeate side 
xp(:)=0.9*(xf0/0.8); 
  
uzf=zeros(N,Mf);        %feed domain velocty profile in axial 
uzf(:)=u0; 
  
uzp=zeros(N,Mp);       %permeate domain velocity profile in axial 
  
urf=zeros(N,Mf);          %feed domain velocity profile in radial 
  
urp=zeros(N,Mp);         %permeate domain velocity profile in radial 
  
pf=zeros(N,Mf); 
pf(:)=p0;                       %feed domain pressure 
  
pp=zeros(N,Mp); 
pp(:)=pp0;                    %permeate domain pressure 
  
prf=zeros(N,Mf); 
prf(:)=0;                        %feed domain modify pressure 
  
prp=zeros(N,Mp); 
prp(:)=0;                        %permeate domain modify pressure 
  
permeance1=3.222e-8; 
permeance2=4.99e-10;     %single gas permeance 
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R_gas=8.314; 
T=400+273; 
Cf=p0/(R_gas*T);            %feed domain concentration 
Cp=pp0/(R_gas*T);         %permeate domain concentration 
  
rou1p=0.09;    %density of the first gas in permeate 
rou2p=1.78;    %density of the second gas in permeate 
rou1f=rou1p*(p0/pp0);    %density of the first gas in feed 
rou2f=rou2p*(p0/pp0);    %density of the second gas in permeate 
  
rouf=zeros(N,Mf); 
for i=1:N 
  for j=1:Mf 
  rouf(i,j)=rou2f+(rou1f-rou2f)*xf(i,j); 
  end; 
end; 
rourf=rouf; 
rouzf=rouf; 
  
roup=zeros(N,Mp); 
for i=1:N 
  for j=1:Mp 
  roup(i,j)=rou2p+(rou1p-rou2p)*xp(i,j); 
  end; 
end; 
rourp=roup; 
rouzp=roup; 
  
J=zeros(N,1); 
J1=zeros(N,1); 
J2=zeros(N,1); 
Dij=zeros(N,1); 
Xav=zeros(N,1); 
B=zeros(2,2); 
D=zeros(2,2); 
  
D10=permeance1*(R_gas*T); 
D20=permeance2*(R_gas*T); 
  
 
%iteration----------------------------------------------------------- 
kk=1; 
while ((feederror>0.00001)|(permerror>0.00001)) 
     
%calculate feed domain 
urf(1,:)=0; 
uzf(1,:)=u0;   %inlet velocity 
pf(N,:)=p0; 
prf(N,:)=0;    %outlet pressure 
uzf(:,1)=-uzf(:,2);    %to make sure bottom boundary axial velocity is zero 
uzf(:,Mf)=-uzf(:,Mf-1);  %to make sure top boundary axial velocity is zero 
  
for i=2:N-1    %define the mass transfer across the membrane(one dimentional) 
    if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
         
        solinit = bvpinit(linspace(0,1,100),[xf(i,2) xp(i,Mp-1)]); 
        sol = bvp4c(@ODEfun,@BCfun,solinit); 
        dl=0.025; 
        nn=1/dl+1; 
  
        x = [0:dl:1]; 
        y = deval(sol,x); 
  
        p(1)=pf(i,2); 
        p(nn)=pp(i,Mp-1); 
        p=p(1):(p(nn)-p(1))/(nn-1):p(nn); 
        xz=y(1,:); 
        for k=1:nn 
            xp(k)=xz(k)*p(k); 
        end; 
      
        k=1; 
        xm(k)=0.5*(xz(k)+xz(k+1)); 
        D12=(D10.^xm(k)).*(D20.^(1-xm(k))); 
        B(1,1)=(1-xm(k))/D12+1/D10; 
        B(1,2)=-xm(k)/D12; 
        B(2,1)=-(1-xm(k))/D12; 
        B(2,2)=xm(k)/D12+1/D20; 
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        D=inv(B); 
        J1(i)=(-(D(1,1)-D(1,2))*((xp(k+1)-xp(k))/dl)-D(1,2)*(p(nn)-p(1)))/(R_gas*T); 
        J2(i)=(-(D(2,1)-D(2,2))*((xp(k+1)-xp(k))/dl)-D(2,2)*(p(nn)-p(1)))/(R_gas*T); 
        J(i)=J1(i)+J2(i); 
        urf(i,1)=-J(i)/Cf;       %change the mass transfer into velocity at feed side 
        urp(i,Mp-1)=-J(i)/Cp;    %change the mass transfer into velocity at perm side 
    else 
        urf(i,1)=0; 
        urp(i,Mp-1)=0; 
    end; 
end; 
  
for i=2:N-1     %calculate the velocity in feed domain 
    for k=2:Mf-1 
        j=Mf+1-k; 
        r=(j-1.5)*dr+rr;    %axial velocity in feed domain 
        uurf(i,j)=(urf(i,j)+urf(i,j-1)+urf(i+1,j)+urf(i+1,j-1))/4; 
        a_puz=2*r*miu*(dz/dr+dr/dz); 
        a_nuz=(miu*r*dz)/dr+(miu*dz)/2-(uurf(i,j)*rouzf(i,j)*dz*r)/2; 
        a_suz=(miu*r*dz)/dr-(miu*dz)/2+(uurf(i,j)*rouzf(i,j)*dz*r)/2; 
        a_wuz=(miu*r*dr)/dz+(uzf(i,j)*r*rouzf(i,j)*dr)/2; 
        a_euz=(miu*r*dr)/dz-(uzf(i,j)*r*rouzf(i,j)*dr)/2; 
        uz_n=uzf(i,j+1); 
        uz_s=uzf(i,j-1); 
        uz_w=uzf(i-1,j); 
        uz_e=uzf(i+1,j); 
        dp_uz=pf(i+1,j)-pf(i,j); 
        uzf(i,j)=(a_nuz*uz_n+a_suz*uz_s+a_wuz*uz_w+a_euz*uz_e-dr*r*dp_uz)/a_puz; 
         
        if j==Mf-1 
            urf(i,j)=0; 
        else 
            r=(j-1)*dr+rr;    %radial velocity in feed domain 
            uuzf(i,j)=(uzf(i-1,j+1)+uzf(i-1,j)+uzf(i,j+1)+uzf(i,j))/4; 
            a_pur=2*r*miu*(dz/dr+dr/dz); 
            a_nur=(miu*dz*r)/dr+(miu*dz)/2-(urf(i,j)*rourf(i,j)*dz*r)/2; 
            a_sur=(miu*dz*r)/dr-(miu*dz)/2+(urf(i,j)*rourf(i,j)*dz*r)/2; 
            a_wur=(miu*dr*r)/dz+(uuzf(i,j)*rourf(i,j)*dr*r)/2; 
            a_eur=(miu*dr*r)/dz-(uuzf(i,j)*rourf(i,j)*dr*r)/2; 
            a_cur=-(dr*dz*miu)/r; 
            ur_n=urf(i,j+1); 
            ur_s=urf(i,j-1); 
            ur_w=urf(i-1,j); 
            ur_e=urf(i+1,j); 
            dp_ur=pf(i,j+1)-pf(i,j); 
            urf(i,j)=(a_nur*ur_n+a_sur*ur_s+a_wur*ur_w+a_eur*ur_e-r*dz*dp_ur+a_cur*urf(i,j))/a_pur; 
        end; 
    end; 
end; 
  
for i=2:N-1                 %the fraction profile in feed domain 
    for j=2:Mf-1 
        r=(j-1.5)*dr+rr; 
        rn=(j-1)*dr+rr; 
        rs=(j-2)*dr+rr; 
         
        if (j==2)&((((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)))  %membrane surface in feed domain 
            a_px=(Df*rn)/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
            a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
            a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
            a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
            x_n=xf(i,j+1); 
            x_w=xf(i-1,j); 
            x_e=xf(i+1,j); 
            xf(i,j)=(a_nx*x_n+a_wx*x_w+a_ex*x_e-(J1(i)*rs)/(r*Cf*dr))/a_px; 
        elseif (i==2)                     %the entrance of the module in feed 
            a_px=(Df*(rn+rs))/(r*dr*dr)+Df/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+uzf(i,j)/(2*dz); 
            a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
            a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
            a_wx=u0/dz; 
            a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
            x_n=xf(i,j+1); 
            x_s=xf(i,j-1); 
            x_w=xf0; 
            x_e=xf(i+1,j);           
            xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px;   
        else                             %other common positions in feed  
            a_px=(Df*(rn+rs))/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
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            a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
            a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
            a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
            a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
            x_n=xf(i,j+1); 
            x_s=xf(i,j-1); 
            x_w=xf(i-1,j); 
            x_e=xf(i+1,j);      
            xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
        end; 
    end; 
end; 
  
%after the first time calculation of velocity and fraction, boundary 
%condition should be updated 
%inlet update 
pf(1,:)=pf(2,:);     %out of the entrance there is no wall, so no friction, pressure is not reduced 
prf(1,:)=prf(2,:);   %inlet velocity is already correct, no need to modify 
%retentate update 
urf(N,:)=urf(N-1,:);  %fully developed 
uzf(N,:)=uzf(N-1,:);  %out of the exit there is no wall, so velocity is not affected 
      if mean(uzf(N-1,:))<0 
          xf(N,:)=0;    
      else 
          xf(N,:)=xf(N-1,:);    %fully developed 
      end; 
%bottom update 
pf(:,1)=pf(:,2);        %no flow in radial direction 
prf(:,1)=prf(:,2);      %velocity is already correct, no need to modify 
xf(:,1)=xf(:,2);      %no diffusion on the wall  
%top update 
pf(:,Mf)=pf(:,Mf-1);     %no flow in radial direction 
prf(:,Mf)=prf(:,Mf-1);   %velocity is already correct, no need to modigy 
xf(:,Mf)=xf(:,Mf-1);     %no diffusion on the wall 
  
%update the dencity profile after fraction is changed 
for i=1:N 
  for j=1:Mf 
  rouf(i,j)=rou2f+(rou1f-rou2f)*xf(i,j);    %center of the cell 
  end; 
end; 
  
for i=2:N-1 
  for j=2:Mf-1 
  rourf(i,j)=(rouf(i,j)+rouf(i,j+1))/2;     %on top of the cell 
  rouzf(i,j)=(rouf(i,j)+rouf(i+1,j))/2;     %on right of the cell 
  end; 
end; 
  
%check residue 
rsd=0; 
for i=2:N-1 
  for j=2:Mf-1 
    r=(j-1.5)*dr+rr; 
    rsd=rsd+abs((urf(i,j)+urf(i,j-1))/(2*r)+(urf(i,j)-urf(i,j-1))/dr+(uzf(i,j)-uzf(i-1,j))/dz); 
  end; 
end; 
rsd=rsd/(mf*n)      %show the residuel 
time=1 
rsd_t(time)=rsd; 
rsd=1;            %make sure the while loop works 
  
rsd_f=1; 
while(rsd_f>0.00001) 
    MR=dz/dr+dr/dz; 
    Dr=(dr*dz)/(2*miu*MR); 
    Dz=(dr*dz)/(2*miu*MR); 
    app=1/miu; 
    ape=dr/(2*miu*MR*dz); 
    apw=ape; 
    while(rsd>0.00001)   %modify pressure by simple algorithm 
        for i=2:N-1 
            for k=2:Mf-1 
                j=Mf+1-k; 
                r=(j-1.5)*dr+rr; 
                apn=(dz/(2*miu*MR))*(1/dr+1/(2*r)); 
                aps=(dz/(2*miu*MR))*(1/dr-1/(2*r)); 
                residue=(urf(i,j)+urf(i,j-1))/(2*r)+(urf(i,j)-urf(i,j-1))/dr+(uzf(i,j)-uzf(i-1,j))/dz; 
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                prf(i,j)=(apn*prf(i,j+1)+aps*prf(i,j-1)+apw*prf(i-1,j)+ape*prf(i+1,j)-residue)/app; 
            end; 
        end; 
    
   %update boundary after modified pressure is changed 
     prf(1,:)=prf(2,:); %inlet 
     pf(1,:)=pf(2,:); 
     prf(:,1)=prf(:,2); %bottom 
     pf(:,1)=pf(:,2); 
     prf(:,Mf)=prf(:,(Mf-1)); %top 
     pf(:,Mf)=pf(:,(Mf-1)); 
     %update velocity by modified pressure 
      for i=2:N-1 
         for j=2:Mf-1 
             urf(i,j)=urf(i,j)-Dr*((prf(i,j+1)-prf(i,j))/dr); 
             uzf(i,j)=uzf(i,j)-Dz*((prf(i+1,j)-prf(i,j))/dz); 
         end; 
      end; 
      pf=pf+prf;       %after one time midifying pressure, pressure shoud be updated 
      %check residue 
      rsd=0; 
      for i=2:N-1 
          for j=2:Mf-1 
              r=(j-1.5)*dr+rr; 
              rsd=rsd+abs((urf(i,j)+urf(i,j-1))/(2*r)+(urf(i,j)-urf(i,j-1))/dr+(uzf(i,j)-uzf(i-1,j))/dz); 
          end; 
      end; 
      rsd=rsd/(mf*n); 
       
      %after velocity is changed, we should update fraction profile 
         for i=2:N-1                 %the fraction profile in feed domain 
          for j=2:Mf-1 
              r=(j-1.5)*dr+rr; 
              rn=(j-1)*dr+rr; 
              rs=(j-2)*dr+rr; 
         
           if (j==2)&((((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)))  %membrane surface in feed domain 
              a_px=(Df*rn)/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
              a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
              a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
              a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
              x_n=xf(i,j+1); 
              x_w=xf(i-1,j); 
              x_e=xf(i+1,j); 
              xf(i,j)=(a_nx*x_n+a_wx*x_w+a_ex*x_e-(J1(i)*rs)/(r*Cf*dr))/a_px; 
           elseif (i==2)                     %the entrance of the module in feed 
              a_px=(Df*(rn+rs))/(r*dr*dr)+Df/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+uzf(i,j)/(2*dz); 
              a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
              a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
              a_wx=u0/dz; 
              a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
              x_n=xf(i,j+1); 
              x_s=xf(i,j-1); 
              x_w=xf0; 
              x_e=xf(i+1,j);           
              xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
           else                             %other common positions in feed  
              a_px=(Df*(rn+rs))/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
              a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
              a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
              a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
              a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
              x_n=xf(i,j+1); 
              x_s=xf(i,j-1); 
              x_w=xf(i-1,j); 
              x_e=xf(i+1,j);      
              xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
           end; 
       end; 
      end; 
      xf(:,Mf)=xf(:,Mf-1); 
      xf(:,1)=xf(:,2); 
      xf(N,:)=xf(N-1,:); 
       
      %update permeate flux 
for i=2:N-1    %define the mass transfer across the membrane(one dimentional) 
    if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
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        solinit = bvpinit(linspace(0,1,100),[xf(i,2) xp(i,Mp-1)]); 
        sol = bvp4c(@ODEfun,@BCfun,solinit); 
        dl=0.025; 
        nn=1/dl+1; 
  
        x = [0:dl:1]; 
        y = deval(sol,x); 
  
        p(1)=pf(i,2); 
        p(nn)=pp(i,Mp-1); 
        p=p(1):(p(nn)-p(1))/(nn-1):p(nn); 
        xz=y(1,:); 
        for k=1:nn 
            pxp(k)=xz(k)*p(k); 
        end; 
         
        k=1; 
        xm(k)=0.5*(xz(k)+xz(k+1)); 
        D12=(D10.^xm(k)).*(D20.^(1-xm(k))); 
        B(1,1)=(1-xm(k))/D12+1/D10; 
        B(1,2)=-xm(k)/D12; 
        B(2,1)=-(1-xm(k))/D12; 
        B(2,2)=xm(k)/D12+1/D20; 
        D=inv(B); 
        J1(i)=(-(D(1,1)-D(1,2))*((pxp(k+1)-pxp(k))/dl)-D(1,2)*(p(nn)-p(1)))/(R_gas*T); 
        J2(i)=(-(D(2,1)-D(2,2))*((pxp(k+1)-pxp(k))/dl)-D(2,2)*(p(nn)-p(1)))/(R_gas*T); 
        J(i)=J1(i)+J2(i); 
        urf(i,1)=-J(i)/Cf;       %change the mass transfer into velocity at feed side 
        urp(i,Mp-1)=-J(i)/Cp;    %change the mass transfer into velocity at perm side 
    else 
        urf(i,1)=0; 
        urp(i,Mp-1)=0; 
    end; 
end; 
       
    end;            %if residuel is smaller than the expected value, turn out of modify pressure loop 
      
     %after a successful pressure modification, should start use N-S to 
     %calculate again 
      
      %boundary condition should be updated because every variable has new 
      %value 
      %inlet update 
      pf(1,:)=pf(2,:);     %out of the entrance there is no wall, so no friction, pressure is not reduced 
      prf(1,:)=prf(2,:);   %inlet velocity is already correct, no need to modify 
      %retentate update 
      urf(N,:)=urf(N-1,:);  %fully developed 
      uzf(N,:)=uzf(N-1,:);  %out of the exit there is no wall, so velocity is not affected 
      if mean(uzf(N-1,:))<0 
          xf(N,:)=0;    
      else 
          xf(N,:)=xf(N-1,:);    %fully developed 
      end; 
      %bottom update 
      pf(:,1)=pf(:,2);        %no flow in radial direction 
      prf(:,1)=prf(:,2);      %velocity is already correct, no need to modify 
      xf(:,1)=xf(:,2);      %no diffusion on the wall  
      uzf(:,1)=0;     %make sure wall velocity is 0 
      %top update 
      pf(:,Mf)=pf(:,Mf-1);     %no flow in radial direction 
      prf(:,Mf)=prf(:,Mf-1);   %velocity is already correct, no need to modigy 
      xf(:,Mf)=xf(:,Mf-1);     %no diffusion on the wall 
      uzf(:,Mf)=0;  %make sure wall velocity is 0 
      %update density 
      for i=1:N 
          for j=1:Mf 
              rouf(i,j)=rou2f+(rou1f-rou2f)*xf(i,j);    %center of the cell 
          end; 
      end; 
       
      for i=2:N-1 
          for j=2:Mf-1 
              rourf(i,j)=(rouf(i,j)+rouf(i,j+1))/2;     %on top of the cell 
              rouzf(i,j)=(rouf(i,j)+rouf(i+1,j))/2;     %on right of the cell  
          end; 
      end; 
     temp_urf=urf; 
     temp_uzf=uzf; 
Appendix 
132 
 
     for i=2:N-1     %calculate the velocity in feed domain 
         for j=2:Mf-1 
             r=(j-1.5)*dr+rr;    %axial velocity in feed domain 
             uurf(i,j)=(temp_urf(i,j)+temp_urf(i,j-1)+temp_urf(i+1,j)+temp_urf(i+1,j-1))/4; 
             a_puz=2*r*miu*(dz/dr+dr/dz); 
             a_nuz=(miu*r*dz)/dr+(miu*dz)/2-(uurf(i,j)*rouzf(i,j)*dz*r)/2; 
             a_suz=(miu*r*dz)/dr-(miu*dz)/2+(uurf(i,j)*rouzf(i,j)*dz*r)/2; 
             a_wuz=(miu*r*dr)/dz+(temp_uzf(i,j)*r*rouzf(i,j)*dr)/2; 
             a_euz=(miu*r*dr)/dz-(temp_uzf(i,j)*r*rouzf(i,j)*dr)/2; 
             uz_n=temp_uzf(i,j+1); 
             uz_s=temp_uzf(i,j-1); 
             uz_w=temp_uzf(i-1,j); 
             uz_e=temp_uzf(i+1,j); 
             dp_uz=pf(i+1,j)-pf(i,j); 
             uzf(i,j)=(a_nuz*uz_n+a_suz*uz_s+a_wuz*uz_w+a_euz*uz_e-dr*r*dp_uz)/a_puz; 
              
             if j==Mf-1 
                 urf(i,j)=0; 
             else 
                 r=(j-1)*dr+rr;    %radial velocity in feed domain 
                 uuzf(i,j)=(temp_uzf(i-1,j+1)+temp_uzf(i-1,j)+temp_uzf(i,j+1)+temp_uzf(i,j))/4; 
                 a_pur=2*r*miu*(dz/dr+dr/dz); 
                 a_nur=(miu*dz*r)/dr+(miu*dz)/2-(temp_urf(i,j)*rourf(i,j)*dz*r)/2; 
                 a_sur=(miu*dz*r)/dr-(miu*dz)/2+(temp_urf(i,j)*rourf(i,j)*dz*r)/2; 
                 a_wur=(miu*dr*r)/dz+(uuzf(i,j)*rourf(i,j)*dr*r)/2; 
                 a_eur=(miu*dr*r)/dz-(uuzf(i,j)*rourf(i,j)*dr*r)/2; 
                 a_cur=-(dr*dz*miu)/r; 
                 ur_n=temp_urf(i,j+1); 
                 ur_s=temp_urf(i,j-1);  
                 ur_w=temp_urf(i-1,j); 
                 ur_e=temp_urf(i+1,j); 
                 dp_ur=pf(i,j+1)-pf(i,j); 
                 urf(i,j)=(a_nur*ur_n+a_sur*ur_s+a_wur*ur_w+a_eur*ur_e-r*dz*dp_ur+a_cur*urf(i,j))/a_pur; 
             end; 
         end; 
     end; 
      
     for i=2:N-1                 %the fraction profile in feed domain 
         for j=2:Mf-1 
             r=(j-1.5)*dr+rr; 
             rn=(j-1)*dr+rr; 
             rs=(j-2)*dr+rr;             
             if (j==2)&((((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)))  %membrane surface in feed domain 
                 a_px=(Df*rn)/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
                 a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
                 a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
                 a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
                 x_n=xf(i,j+1); 
                 x_w=xf(i-1,j); 
                 x_e=xf(i+1,j); 
                 xf(i,j)=(a_nx*x_n+a_wx*x_w+a_ex*x_e-(J1(i)*rs)/(r*Cf*dr))/a_px; 
             elseif (i==2)                     %the entrance of the module in feed 
                 a_px=(Df*(rn+rs))/(r*dr*dr)+Df/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+uzf(i,j)/(2*dz); 
                 a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
                 a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
                 a_wx=u0/dz; 
                 a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
                 x_n=xf(i,j+1); 
                 x_s=xf(i,j-1); 
                 x_w=xf0; 
                 x_e=xf(i+1,j);           
                 xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px;   
             else                             %other common positions in feed  
                 a_px=(Df*(rn+rs))/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
                 a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
                 a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
                 a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
                 a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
                 x_n=xf(i,j+1); 
                 x_s=xf(i,j-1); 
                 x_w=xf(i-1,j); 
                 x_e=xf(i+1,j);      
                 xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
             end; 
         end; 
     end; 
      %boundary condition should be updated because every variable has new 
      %value 
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      %inlet update 
      pf(1,:)=pf(2,:);     %out of the entrance there is no wall, so no friction, pressure is not reduced 
      prf(1,:)=prf(2,:);   %inlet velocity is already correct, no need to modify 
      %retentate update 
      urf(N,:)=urf(N-1,:);  %fully developed 
      uzf(N,:)=uzf(N-1,:);  %out of the exit there is no wall, so velocity is not affected 
      if mean(uzf(N-1,:))<0 
          xf(N,:)=0;    
      else 
          xf(N,:)=xf(N-1,:);    %fully developed 
      end; 
      %bottom update 
      pf(:,1)=pf(:,2);        %no flow in radial direction 
      prf(:,1)=prf(:,2);      %velocity is already correct, no need to modify 
      xf(:,1)=xf(:,2);      %no diffusion on the wall  
      uzf(:,1)=0;     %make sure wall velocity is 0 
      %top update 
      pf(:,Mf)=pf(:,Mf-1);     %no flow in radial direction 
      prf(:,Mf)=prf(:,Mf-1);   %velocity is already correct, no need to modigy 
      xf(:,Mf)=xf(:,Mf-1);     %no diffusion on the wall 
      uzf(:,Mf)=0;  %make sure wall velocity is 0 
      %update density 
      for i=1:N 
          for j=1:Mf 
              rouf(i,j)=rou2f+(rou1f-rou2f)*xf(i,j);    %center of the cell 
          end; 
      end; 
       
      for i=2:N-1 
          for j=2:Mf-1 
              rourf(i,j)=(rouf(i,j)+rouf(i,j+1))/2;     %on top of the cell 
              rouzf(i,j)=(rouf(i,j)+rouf(i+1,j))/2;     %on right of the cell  
          end; 
      end; 
      %check residue 
      rsd_f=0; 
      for i=2:N-1 
          for j=2:Mf-1 
              r=(j-1.5)*dr+rr; 
              rsd_f=rsd_f+abs((urf(i,j)+urf(i,j-1))/(2*r)+(urf(i,j)-urf(i,j-1))/dr+(uzf(i,j)-uzf(i-1,j))/dz); 
          end; 
      end; 
      rsd_f=rsd_f/(mf*n)      %show the residuel 
      time=time+1 
      rsd_t(time)=rsd_f; 
      rsd=1;                  %to make sure the pressure modification working 
end;     %feed domain is finished 
  
while(rsd>0.000001)   %modify pressure after final to make sure mass balance 
        for i=2:N-1 
            for k=2:Mf-1 
                j=Mf+1-k; 
                r=(j-1.5)*dr+rr; 
                apn=(dz/(2*miu*MR))*(1/dr+1/(2*r)); 
                aps=(dz/(2*miu*MR))*(1/dr-1/(2*r)); 
                residue=(urf(i,j)+urf(i,j-1))/(2*r)+(urf(i,j)-urf(i,j-1))/dr+(uzf(i,j)-uzf(i-1,j))/dz; 
                prf(i,j)=(apn*prf(i,j+1)+aps*prf(i,j-1)+apw*prf(i-1,j)+ape*prf(i+1,j)-residue)/app; 
            end; 
        end; 
    
   %update boundary after modified pressure is changed 
     prf(1,:)=prf(2,:); %inlet 
     pf(1,:)=pf(2,:); 
     prf(:,1)=prf(:,2); %bottom 
     pf(:,1)=pf(:,2); 
     prf(:,Mf)=prf(:,(Mf-1)); %top 
     pf(:,Mf)=pf(:,(Mf-1)); 
     %update velocity by modified pressure 
      for i=2:N-1 
         for j=2:Mf-1 
             urf(i,j)=urf(i,j)-Dr*((prf(i,j+1)-prf(i,j))/dr); 
             uzf(i,j)=uzf(i,j)-Dz*((prf(i+1,j)-prf(i,j))/dz); 
         end; 
      end; 
      pf=pf+prf;       %after one time midifying pressure, pressure shoud be updated 
       
      urf(N,:)=urf(N-1,:);  %fully developed 
      uzf(N,:)=uzf(N-1,:);  %out of the exit there is no wall, so velocity is not affected 
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      %check residue 
      rsd=0; 
      for i=2:N-1 
          for j=2:Mf-1 
              r=(j-1.5)*dr+rr; 
              rsd=rsd+abs((urf(i,j)+urf(i,j-1))/(2*r)+(urf(i,j)-urf(i,j-1))/dr+(uzf(i,j)-uzf(i-1,j))/dz); 
          end; 
      end; 
      rsd=rsd/(mf*n) 
       
      %after velocity is changed, we should update fraction profile 
         for i=2:N-1                 %the fraction profile in feed domain 
          for j=2:Mf-1 
              r=(j-1.5)*dr+rr; 
              rn=(j-1)*dr+rr; 
              rs=(j-2)*dr+rr; 
         
           if (j==2)&((((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)))  %membrane surface in feed domain 
              a_px=(Df*rn)/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
              a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
              a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
              a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
              x_n=xf(i,j+1); 
              x_w=xf(i-1,j); 
              x_e=xf(i+1,j); 
              xf(i,j)=(a_nx*x_n+a_wx*x_w+a_ex*x_e-(J1(i)*rs)/(r*Cf*dr))/a_px; 
           elseif (i==2)                     %the entrance of the module in feed 
              a_px=(Df*(rn+rs))/(r*dr*dr)+Df/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+uzf(i,j)/(2*dz); 
              a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
              a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
              a_wx=u0/dz; 
              a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
              x_n=xf(i,j+1); 
              x_s=xf(i,j-1); 
              x_w=xf0; 
              x_e=xf(i+1,j);           
              xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
           else                             %other common positions in feed  
              a_px=(Df*(rn+rs))/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
              a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
              a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
              a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
              a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
              x_n=xf(i,j+1); 
              x_s=xf(i,j-1); 
              x_w=xf(i-1,j); 
              x_e=xf(i+1,j);      
              xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
           end; 
       end; 
      end; 
      xf(:,Mf)=xf(:,Mf-1); 
      xf(:,1)=xf(:,2); 
      xf(N,:)=xf(N-1,:); 
       
      %update permeate flux 
for i=2:N-1    %define the mass transfer across the membrane(one dimentional) 
    if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
         
        solinit = bvpinit(linspace(0,1,100),[xf(i,2) xp(i,Mp-1)]); 
        sol = bvp4c(@ODEfun,@BCfun,solinit); 
        dl=0.025; 
        nn=1/dl+1; 
  
        x = [0:dl:1]; 
        y = deval(sol,x); 
  
        p(1)=pf(i,2); 
        p(nn)=pp(i,Mp-1); 
        p=p(1):(p(nn)-p(1))/(nn-1):p(nn); 
        xz=y(1,:); 
        for k=1:nn 
            pxp(k)=xz(k)*p(k); 
        end; 
         
        k=1; 
        xm(k)=0.5*(xz(k)+xz(k+1)); 
        D12=(D10.^xm(k)).*(D20.^(1-xm(k))); 
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        B(1,1)=(1-xm(k))/D12+1/D10; 
        B(1,2)=-xm(k)/D12; 
        B(2,1)=-(1-xm(k))/D12; 
        B(2,2)=xm(k)/D12+1/D20; 
        D=inv(B); 
        J1(i)=(-(D(1,1)-D(1,2))*((pxp(k+1)-pxp(k))/dl)-D(1,2)*(p(nn)-p(1)))/(R_gas*T); 
        J2(i)=(-(D(2,1)-D(2,2))*((pxp(k+1)-pxp(k))/dl)-D(2,2)*(p(nn)-p(1)))/(R_gas*T); 
        J(i)=J1(i)+J2(i); 
        urf(i,1)=-J(i)/Cf;       %change the mass transfer into velocity at feed side 
        urp(i,Mp-1)=-J(i)/Cp;    %change the mass transfer into velocity at perm side 
    else 
        urf(i,1)=0; 
        urp(i,Mp-1)=0; 
    end; 
end; 
    end;  %finished the final mass balance 
  
%only solution conservation equation, this is to make Hydrogen massbalance achieved.  
imbalance=1; 
while(abs(imbalance)>0.00001) 
for i=2:N-1                 %the fraction profile in feed domain 
    for j=2:Mf-1 
        r=(j-1.5)*dr+rr; 
        rn=(j-1)*dr+rr; 
        rs=(j-2)*dr+rr; 
         
        if (j==2)&((((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)))  %membrane surface in feed domain 
            a_px=(Df*rn)/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
            a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
            a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
            a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
            x_n=xf(i,j+1); 
            x_w=xf(i-1,j); 
            x_e=xf(i+1,j); 
            xf(i,j)=(a_nx*x_n+a_wx*x_w+a_ex*x_e-(J1(i)*rs)/(r*Cf*dr))/a_px; 
        elseif (i==2)                     %the entrance of the module in feed 
            a_px=(Df*(rn+rs))/(r*dr*dr)+Df/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+uzf(i,j)/(2*dz); 
            a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
            a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
            a_wx=u0/dz; 
            a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
            x_n=xf(i,j+1); 
            x_s=xf(i,j-1); 
            x_w=xf0; 
            x_e=xf(i+1,j);           
            xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px;   
        else                             %other common positions in feed  
            a_px=(Df*(rn+rs))/(r*dr*dr)+(2*Df)/(dz*dz)+(rn*urf(i,j)-rs*urf(i,j-1))/(2*r*dr)+(uzf(i,j)-uzf(i-1,j))/(2*dz); 
            a_nx=(Df*rn)/(r*dr*dr)-(rn*urf(i,j))/(2*r*dr); 
            a_sx=(Df*rs)/(r*dr*dr)+(rs*urf(i,j-1))/(2*r*dr); 
            a_wx=Df/(dz*dz)+uzf(i-1,j)/(2*dz); 
            a_ex=Df/(dz*dz)-uzf(i,j)/(2*dz); 
            x_n=xf(i,j+1); 
            x_s=xf(i,j-1); 
            x_w=xf(i-1,j); 
            x_e=xf(i+1,j);      
            xf(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
        end; 
    end; 
end; 
      xf(:,Mf)=xf(:,Mf-1); 
      xf(:,1)=xf(:,2); 
      xf(N,:)=xf(N-1,:); 
       
for i=2:N-1    %define the mass transfer across the membrane(one dimentional) 
    if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
         
        solinit = bvpinit(linspace(0,1,100),[xf(i,2) xp(i,Mp-1)]); 
        sol = bvp4c(@ODEfun,@BCfun,solinit); 
        dl=0.025; 
        nn=1/dl+1; 
  
        x = [0:dl:1]; 
        y = deval(sol,x); 
  
        p(1)=pf(i,2); 
        p(nn)=pp(i,Mp-1); 
        p=p(1):(p(nn)-p(1))/(nn-1):p(nn); 
Appendix 
136 
 
        xz=y(1,:); 
        for k=1:nn 
            pxp(k)=xz(k)*p(k); 
        end; 
  
         
        k=1; 
        xm(k)=0.5*(xz(k)+xz(k+1)); 
        D12=(D10.^xm(k)).*(D20.^(1-xm(k))); 
        B(1,1)=(1-xm(k))/D12+1/D10; 
        B(1,2)=-xm(k)/D12; 
        B(2,1)=-(1-xm(k))/D12; 
        B(2,2)=xm(k)/D12+1/D20; 
        D=inv(B); 
        J1(i)=(-(D(1,1)-D(1,2))*((pxp(k+1)-pxp(k))/dl)-D(1,2)*(p(nn)-p(1)))/(R_gas*T); 
        J2(i)=(-(D(2,1)-D(2,2))*((pxp(k+1)-pxp(k))/dl)-D(2,2)*(p(nn)-p(1)))/(R_gas*T); 
        J(i)=J1(i)+J2(i); 
        urf(i,1)=-J(i)/Cf;       %change the mass transfer into velocity at feed side 
        urp(i,Mp-1)=-J(i)/Cp;    %change the mass transfer into velocity at perm side 
    else 
        urf(i,1)=0; 
        urp(i,Mp-1)=0; 
    end; 
end; 
       
inlet_1=0; 
retentate_1=0; 
permeate_1=0; 
  
%check component 1 mass balance 
for j=2:Mf-1 
    r=(j-1.5)*dr+rr; 
    inlet_1=inlet_1+uzf(1,j)*xf0*2*pi*r*dr; 
    retentate_1=retentate_1+uzf(N-1,j)*xf(N-1,j)*2*pi*r*dr; 
end; 
  
for i=2:N-1 
    permeate_1=permeate_1+(J1(i)/Cf)*2*pi*rr*dz; 
end; 
  
imbalance=(inlet_1-retentate_1-permeate_1)/inlet_1 
  
end; 
  
inlet=0; 
retentate=0; 
permeate=0; 
for j=2:Mf-1 
    r=(j-1.5)*dr+rr; 
    inlet=inlet+uzf(1,j)*2*pi*r*dr; 
    retentate=retentate+uzf(N-1,j)*2*pi*r*dr; 
end; 
  
for i=2:N-1 
    permeate=permeate+(J(i)/Cf)*2*pi*rr*dz; 
end; 
  
feedsink(kk)=0; 
for i=2:N-1 
    feedsink(kk)=feedsink(kk)+J(i)*2*pi*rr*dz; 
end; 
  
feederror(kk)=1; 
if kk>1 
    feederror(kk)=(feedsink(kk)-feedsink(kk-1))/feedsink(kk); 
end; 
  
%-------------------------------------------------------------------------- 
%feed side is completed. now start to calculate permeate domain 
%define boundary condition 
%left wall velocity boundary 
urp(1,:)=0;          %wall velocity 
uzp(1,:)=0;          %wall velocity  
pp(1,:)=pp(2,:);     %no z flow on the wall 
prp(1,:)=prp(2,:);   %z velocity doesn't need modify 
  
%bottom symmetry boundary 
urp(:,1)=0;          %no r velocity 
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uzp(:,1)=uzp(:,2);   %symmetry 
pp(:,1)=pp(:,2);     %symmetry 
prp(:,1)=prp(:,2);    %r velocity doesn't need modify 
  
%right side outlet  
urp(N,:)=0;   %full develops 
uzp(N,:)=uzp(N-1,:);   %full develops 
pp(N,:)=1e5; 
prp(N,:)=0; 
  
%top membrane wall 
for i=2:N-1    %define the mass transfer across the membrane(one dimentional) 
    if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
         
        solinit = bvpinit(linspace(0,1,100),[xf(i,2) xp(i,Mp-1)]); 
        sol = bvp4c(@ODEfun,@BCfun,solinit); 
        dl=0.025; 
        nn=1/dl+1; 
  
        x = [0:dl:1]; 
        y = deval(sol,x); 
  
        p(1)=pf(i,2); 
        p(nn)=pp(i,Mp-1); 
        p=p(1):(p(nn)-p(1))/(nn-1):p(nn); 
        xz=y(1,:); 
        for k=1:nn 
            pxp(k)=xz(k)*p(k); 
        end; 
         
        k=1; 
        xm(k)=0.5*(xz(k)+xz(k+1)); 
        D12=(D10.^xm(k)).*(D20.^(1-xm(k))); 
        B(1,1)=(1-xm(k))/D12+1/D10; 
        B(1,2)=-xm(k)/D12; 
        B(2,1)=-(1-xm(k))/D12; 
        B(2,2)=xm(k)/D12+1/D20; 
        D=inv(B); 
        J1(i)=(-(D(1,1)-D(1,2))*((pxp(k+1)-pxp(k))/dl)-D(1,2)*(p(nn)-p(1)))/(R_gas*T); 
        J2(i)=(-(D(2,1)-D(2,2))*((pxp(k+1)-pxp(k))/dl)-D(2,2)*(p(nn)-p(1)))/(R_gas*T); 
        J(i)=J1(i)+J2(i); 
        urf(i,1)=-J(i)/Cf;       %change the mass transfer into velocity at feed side 
        urp(i,Mp-1)=-J(i)/Cp;    %change the mass transfer into velocity at perm side 
    else 
        urf(i,1)=0; 
        urp(i,Mp-1)=0; 
    end; 
end; 
uzp(:,Mp-1)=0; 
pp(:,Mp)=pp(:,Mp-1); 
prp(:,Mp)=prp(:,Mp-1); 
  
for i=2:N-1 
    for k=2:Mp-1 
         j=Mp-k+1; 
      r=(j-1.5)*drr; 
      uurp(i,j)=(urp(i,j)+urp(i,j-1)+urp(i+1,j)+urp(i+1,j-1))/4; 
      a_puz=2*r*miu*(dz/drr+drr/dz); 
      a_nuz=(miu*r*dz)/drr+(miu*dz)/2-(uurp(i,j)*rouzp(i,j)*dz*r)/2; 
      a_suz=(miu*r*dz)/drr-(miu*dz)/2+(uurp(i,j)*rouzp(i,j)*dz*r)/2; 
      a_wuz=(miu*r*drr)/dz+(uzp(i,j)*r*rouzp(i,j)*drr)/2; 
      a_euz=(miu*r*drr)/dz-(uzp(i,j)*r*rouzp(i,j)*drr)/2; 
      uz_n=uzp(i,j+1); 
      uz_s=uzp(i,j-1); 
      uz_w=uzp(i-1,j); 
      uz_e=uzp(i+1,j); 
      dp_uz=pp(i+1,j)-pp(i,j); 
      uzp(i,j)=(a_nuz*uz_n+a_suz*uz_s+a_wuz*uz_w+a_euz*uz_e-drr*r*dp_uz)/a_puz; %calculate z velocity 
  
      if j==Mp-1 
         if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
         urp(i,j)=-J(i)/Cp; 
         else 
         urp(i,j)=0; 
         end; 
      else 
        r=(j-1)*drr; 
        uuzp(i,j)=(uzp(i-1,j+1)+uzp(i-1,j)+uzp(i,j+1)+uzp(i,j))/4; 
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        a_pur=2*r*miu*(dz/drr+drr/dz); 
        a_nur=(miu*dz*r)/drr+(miu*dz)/2-(urp(i,j)*rourp(i,j)*dz*r)/2; 
        a_sur=(miu*dz*r)/drr-(miu*dz)/2+(urp(i,j)*rourp(i,j)*dz*r)/2; 
        a_wur=(miu*drr*r)/dz+(uuzp(i,j)*rourp(i,j)*drr*r)/2; 
        a_eur=(miu*drr*r)/dz-(uuzp(i,j)*rourp(i,j)*drr*r)/2; 
        a_cur=-(drr*dz*miu)/r; 
        ur_n=urp(i,j+1); 
        ur_s=urp(i,j-1); 
        ur_w=urp(i-1,j); 
        ur_e=urp(i+1,j); 
        dp_ur=pp(i,j+1)-pp(i,j); 
        urp(i,j)=(a_nur*ur_n+a_sur*ur_s+a_wur*ur_w+a_eur*ur_e-r*dz*dp_ur+a_cur*urp(i,j))/a_pur; %calculate r velocity 
      end; 
    end; 
end; 
  
%update velocity, only need outlet and symmetry 
uzp(:,1)=uzp(:,2);   %symmetry 
urp(N,:)=0;   %full develops 
uzp(N,:)=uzp(N-1,:);   %full develops 
  
%start to calculate fraction 
for i=2:N-1 
  for j=2:Mp-2 
        r=(j-1.5)*drr; 
        rn=(j-1)*drr; 
        rs=(j-2)*drr; 
        a_px=(Dp*(rn+rs))/(r*drr*drr)+(2*Dp)/(dz*dz)+(rn*urp(i,j)-rs*urp(i,j-1))/(2*r*drr)+(uzp(i,j)-uzp(i-1,j))/(2*dz); 
        a_nx=(Dp*rn)/(r*drr*drr)-(rn*urp(i,j))/(2*r*drr); 
        a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,j-1))/(2*r*drr); 
        a_wx=Dp/(dz*dz)+uzp(i-1,j)/(2*dz); 
        a_ex=Dp/(dz*dz)-uzp(i,j)/(2*dz); 
        x_n=xp(i,j+1); 
        x_s=xp(i,j-1); 
        x_w=xp(i-1,j); 
        x_e=xp(i+1,j); 
        xp(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
  end; 
end; 
  
for i=2:N-1                   %the membrane row(top row) 
        r=(Mp-1-1.5)*drr; 
        rn=(Mp-1-1)*drr; 
        rs=(Mp-1-2)*drr; 
        a_px=(Dp*rs)/(r*drr*drr)+(2*Dp)/(dz*dz)+(0-rs*urp(i,Mp-1-1))/(2*r*drr)+(uzp(i,Mp-1)-uzp(i-1,Mp-1))/(2*dz); 
        a_nx=0; 
        a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,Mp-1-1))/(2*r*drr); 
        a_wx=Dp/(dz*dz)+uzp(i-1,Mp-1)/(2*dz); 
        a_ex=Dp/(dz*dz)-uzp(i,Mp-1)/(2*dz); 
        x_n=xp(i,Mp-1+1); 
        x_s=xp(i,Mp-1-1); 
        x_w=xp(i-1,Mp-1); 
        x_e=xp(i+1,Mp-1); 
        xp(i,Mp-1)=(a_sx*x_s+a_wx*x_w+a_ex*x_e-(rn*(-J1(i)))/(Cp*r*drr))/a_px; 
end; 
  
%update boundary conditions 
%left 
xp(1,:)=xp(2,:);  
%bottom symmetry boundary 
xp(:,1)=xp(:,2);   %symmetry 
%right side outlet  
xp(N,:)=xp(N-1,:);   %full develops 
%top 
xp(:,Mp)=xp(:,Mp-1); 
  
%check residue 
rsd=0; 
for i=2:N-1 
  for j=2:Mp-1 
    r=(j-1.5)*drr; 
    rsd=rsd+abs((urp(i,j)+urp(i,j-1))/(2*r)+(urp(i,j)-urp(i,j-1))/drr+(uzp(i,j)-uzp(i-1,j))/dz); 
  end; 
end; 
rsd=rsd/(mp*n) 
time=1 
rsd_t(time)=rsd; 
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%before is the first calculation in permeate domain 
%now start to do pressure modification and iterations 
rsd_p=100; 
while(rsd_p>0.00001) 
    MR=dz/drr+drr/dz; 
    Dr=(drr*dz)/(2*miu*MR); 
    Dz=(drr*dz)/(2*miu*MR); 
    app=1/miu; 
    ape=drr/(2*miu*MR*dz); 
    apw=ape; 
    while(rsd>0.000001) 
        for i=2:N-1 
            for k=2:Mp-1 
                j=Mp+1-k; 
                r=(j-1.5)*drr; 
                apn=(dz/(2*miu*MR))*(1/drr+1/(2*r)); 
                aps=(dz/(2*miu*MR))*(1/drr-1/(2*r)); 
                residue=((j-1)*(urp(i,j)-urp(i,j-1))+urp(i,j-1))/r+(uzp(i,j)-uzp(i-1,j))/dz; 
                prp(i,j)=(apn*prp(i,j+1)+aps*prp(i,j-1)+apw*prp(i-1,j)+ape*prp(i+1,j)-residue)/app; 
            end; 
        end; 
        %update pressure and modify pressure 
        prp(1,:)=prp(2,:);   %z velocity doesn't need modify 
        prp(:,1)=prp(:,2);    %r velocity doesn't need modify 
        prp(N,:)=0;          %outlet pressure is correct 
        prp(:,Mp)=prp(:,Mp-1); %r velocity doesn't need modifying 
  
        %modify velocity 
        for i=2:N-1 
            for j=2:Mp-1 
                r=(j-1)*drr; 
                urp(i,j)=urp(i,j)-((prp(i,j+1)-prp(i,j))*dz)/(2*miu*MR); 
                uzp(i,j)=uzp(i,j)-((prp(i+1,j)-prp(i,j))*drr)/(2*miu*MR); 
            end; 
        end; 
  
        %check residue 
        rsd=0; 
        for i=2:N-1 
            for j=2:Mp-1 
                r=(j-1.5)*drr; 
                rsd=rsd+abs((urp(i,j)+urp(i,j-1))/(2*r)+(urp(i,j)-urp(i,j-1))/drr+(uzp(i,j)-uzp(i-1,j))/dz); 
            end; 
        end; 
        rsd=rsd/(mp*n); 
        pp=pp+prp; 
        %update pressure 
        pp(1,:)=pp(2,:);     %no z flow on the wall 
        pp(:,1)=pp(:,2);     %symmetry 
        pp(N,:)=1e5; 
        pp(:,Mp)=pp(:,Mp-1); 
        %start to calculate fraction 
        for i=2:N-1 
            for j=2:Mp-2 
                r=(j-1.5)*drr; 
                rn=(j-1)*drr; 
                rs=(j-2)*drr; 
                a_px=(Dp*(rn+rs))/(r*drr*drr)+(2*Dp)/(dz*dz)+(rn*urp(i,j)-rs*urp(i,j-1))/(2*r*drr)+(uzp(i,j)-uzp(i-1,j))/(2*dz); 
                a_nx=(Dp*rn)/(r*drr*drr)-(rn*urp(i,j))/(2*r*drr); 
                a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,j-1))/(2*r*drr); 
                a_wx=Dp/(dz*dz)+uzp(i-1,j)/(2*dz); 
                a_ex=Dp/(dz*dz)-uzp(i,j)/(2*dz); 
                x_n=xp(i,j+1); 
                x_s=xp(i,j-1); 
                x_w=xp(i-1,j); 
                x_e=xp(i+1,j); 
                xp(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
            end; 
        end; 
         
        for i=2:N-1                   %the membrane row(top row) 
            r=(Mp-1-1.5)*drr; 
            rn=(Mp-1-1)*drr; 
            rs=(Mp-1-2)*drr; 
            a_px=(Dp*rs)/(r*drr*drr)+(2*Dp)/(dz*dz)+(0-rs*urp(i,Mp-1-1))/(2*r*drr)+(uzp(i,Mp-1)-uzp(i-1,Mp-1))/(2*dz); 
            a_nx=0; 
            a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,Mp-1-1))/(2*r*drr); 
            a_wx=Dp/(dz*dz)+uzp(i-1,Mp-1)/(2*dz); 
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            a_ex=Dp/(dz*dz)-uzp(i,Mp-1)/(2*dz); 
            x_n=xp(i,Mp-1+1); 
            x_s=xp(i,Mp-1-1); 
            x_w=xp(i-1,Mp-1); 
            x_e=xp(i+1,Mp-1); 
            xp(i,Mp-1)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e-(rn*(-J1(i)))/(Cp*r*drr))/a_px; 
        end; 
        %update fraction 
        %left 
        xp(1,:)=xp(2,:);  
        %bottom symmetry boundary 
        xp(:,1)=xp(:,2);   %symmetry 
        %right side outlet  
        xp(N,:)=xp(N-1,:);   %full develops 
        %top 
        xp(:,Mp)=xp(:,Mp-1); 
    end;   %if residuel is smaller than a value, pressure modification is completed 
    %update density 
    
    for i=1:N 
        for j=1:Mp 
            roup(i,j)=rou2p+(rou1p-rou2p)*xp(i,j); 
        end; 
    end; 
     
    for i=2:N-1 
        for j=2:Mp-1 
            rourp(i,j)=(roup(i,j)+roup(i,j+1))/2; 
            rouzp(i,j)=(roup(i,j)+roup(i+1,j))/2; 
        end; 
    end; 
     
    %before new NS calculation, the velocity profile should be updated 
    %after SIMPLE algrithm 
    uzp(:,1)=uzp(:,2);   %symmetry 
    urp(N,:)=urp(N-1,:);    %full develops 
    uzp(N,:)=uzp(N-1,:);   %full develops 
    temp_urp=urp; 
    temp_uzp=uzp; 
     
    %start to calculate velocity 
    for i=2:N-1 
        for k=2:Mp-1 
            j=Mp-k+1; 
            r=(j-1.5)*drr; 
            uurp(i,j)=(temp_urp(i,j)+temp_urp(i,j-1)+temp_urp(i+1,j)+temp_urp(i+1,j-1))/4; 
            a_puz=2*r*miu*(dz/drr+drr/dz); 
            a_nuz=(miu*r*dz)/drr+(miu*dz)/2-(uurp(i,j)*rouzp(i,j)*dz*r)/2; 
            a_suz=(miu*r*dz)/drr-(miu*dz)/2+(uurp(i,j)*rouzp(i,j)*dz*r)/2; 
            a_wuz=(miu*r*drr)/dz+(temp_uzp(i,j)*r*rouzp(i,j)*drr)/2; 
            a_euz=(miu*r*drr)/dz-(temp_uzp(i,j)*r*rouzp(i,j)*drr)/2; 
            uz_n=temp_uzp(i,j+1); 
            uz_s=temp_uzp(i,j-1); 
            uz_w=temp_uzp(i-1,j); 
            uz_e=temp_uzp(i+1,j); 
            dp_uz=pp(i+1,j)-pp(i,j); 
            uzp(i,j)=(a_nuz*uz_n+a_suz*uz_s+a_wuz*uz_w+a_euz*uz_e-drr*r*dp_uz)/a_puz; %calculate z velocity 
             
            if j==Mp-1 
                if (((i-1.5)*dz>L1)&((i-1.5)*dz<L2))|(((i-1.5)*dz>L3)&((i-1.5)*dz<L4)) 
                    urp(i,j)=-J(i)/Cp; 
                else 
                    urp(i,j)=0; 
                end; 
            else 
                r=(j-1)*drr; 
                uuzp(i,j)=(temp_uzp(i-1,j+1)+temp_uzp(i-1,j)+temp_uzp(i,j+1)+temp_uzp(i,j))/4; 
                a_pur=2*r*miu*(dz/drr+drr/dz); 
                a_nur=(miu*dz*r)/drr+(miu*dz)/2-(temp_urp(i,j)*rourp(i,j)*dz*r)/2; 
                a_sur=(miu*dz*r)/drr-(miu*dz)/2+(temp_urp(i,j)*rourp(i,j)*dz*r)/2; 
                a_wur=(miu*drr*r)/dz+(uuzp(i,j)*rourp(i,j)*drr*r)/2; 
                a_eur=(miu*drr*r)/dz-(uuzp(i,j)*rourp(i,j)*drr*r)/2; 
                a_cur=-(drr*dz*miu)/r; 
                ur_n=temp_urp(i,j+1); 
                ur_s=temp_urp(i,j-1); 
                ur_w=temp_urp(i-1,j); 
                ur_e=temp_urp(i+1,j); 
                dp_ur=pp(i,j+1)-pp(i,j); 
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                urp(i,j)=(a_nur*ur_n+a_sur*ur_s+a_wur*ur_w+a_eur*ur_e-r*dz*dp_ur+a_cur*urp(i,j))/a_pur; %calculate r velocity 
            end; 
        end; 
    end; 
    %update velocity, only need outlet and symmetry 
    uzp(:,1)=uzp(:,2);   %symmetry 
    urp(N,:)=urp(N-1,:);   %full develops 
    uzp(N,:)=uzp(N-1,:);   %full develops 
     
    %after velocity is changed, start to update fraction 
    for i=2:N-1 
        for j=2:Mp-2 
            r=(j-1.5)*drr; 
            rn=(j-1)*drr; 
            rs=(j-2)*drr; 
            a_px=(Dp*(rn+rs))/(r*drr*drr)+(2*Dp)/(dz*dz)+(rn*urp(i,j)-rs*urp(i,j-1))/(2*r*drr)+(uzp(i,j)-uzp(i-1,j))/(2*dz); 
            a_nx=(Dp*rn)/(r*drr*drr)-(rn*urp(i,j))/(2*r*drr); 
            a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,j-1))/(2*r*drr); 
            a_wx=Dp/(dz*dz)+uzp(i-1,j)/(2*dz); 
            a_ex=Dp/(dz*dz)-uzp(i,j)/(2*dz); 
            x_n=xp(i,j+1); 
            x_s=xp(i,j-1); 
            x_w=xp(i-1,j); 
            x_e=xp(i+1,j); 
            xp(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
        end; 
    end; 
     
    for i=2:N-1                   %the membrane row(top row) 
        r=(Mp-1-1.5)*drr; 
        rn=(Mp-1-1)*drr; 
        rs=(Mp-1-2)*drr; 
        a_px=(Dp*rs)/(r*drr*drr)+(2*Dp)/(dz*dz)+(0-rs*urp(i,Mp-1-1))/(2*r*drr)+(uzp(i,Mp-1)-uzp(i-1,Mp-1))/(2*dz); 
        a_nx=0; 
        a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,Mp-1-1))/(2*r*drr); 
        a_wx=Dp/(dz*dz)+uzp(i-1,Mp-1)/(2*dz); 
        a_ex=Dp/(dz*dz)-uzp(i,Mp-1)/(2*dz); 
        x_n=xp(i,Mp-1+1); 
        x_s=xp(i,Mp-1-1); 
        x_w=xp(i-1,Mp-1); 
        x_e=xp(i+1,Mp-1); 
        xp(i,Mp-1)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e-(rn*(-J1(i)))/(Cp*r*drr))/a_px; 
    end; 
    %update fraction 
    %left 
    xp(1,:)=xp(2,:);  
    %bottom symmetry boundary 
    xp(:,1)=xp(:,2);   %symmetry 
    %right side outlet  
    xp(N,:)=xp(N-1,:);   %full develops 
    %top 
    xp(:,Mp)=xp(:,Mp-1); 
     
    %check residue 
    rsd_p=0; 
    for i=2:N-1 
        for j=2:Mp-1 
            r=(j-1.5)*drr; 
            rsd_p=rsd_p+abs((urp(i,j)+urp(i,j-1))/(2*r)+(urp(i,j)-urp(i,j-1))/drr+(uzp(i,j)-uzp(i-1,j))/dz); 
        end; 
    end; 
    rsd_p=rsd_p/(mp*n) 
    time=time+1 
    rsd_t(time)=rsd_p; 
    rsd=1;        %to make sure pressure modification working 
end; 
  
    while(rsd>0.000001) %final modification in permeate side 
        for i=2:N-1 
            for k=2:Mp-1 
                j=Mp+1-k; 
                r=(j-1.5)*drr; 
                apn=(dz/(2*miu*MR))*(1/drr+1/(2*r)); 
                aps=(dz/(2*miu*MR))*(1/drr-1/(2*r)); 
                residue=((j-1)*(urp(i,j)-urp(i,j-1))+urp(i,j-1))/r+(uzp(i,j)-uzp(i-1,j))/dz; 
                prp(i,j)=(apn*prp(i,j+1)+aps*prp(i,j-1)+apw*prp(i-1,j)+ape*prp(i+1,j)-residue)/app; 
            end; 
        end; 
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        %update pressure and modify pressure 
        prp(1,:)=prp(2,:);   %z velocity doesn't need modify 
        prp(:,1)=prp(:,2);    %r velocity doesn't need modify 
        prp(N,:)=0;          %outlet pressure is correct 
        prp(:,Mp)=prp(:,Mp-1); %r velocity doesn't need modifying 
  
        %modify velocity 
        for i=2:N-1 
            for j=2:Mp-1 
                r=(j-1)*drr; 
                urp(i,j)=urp(i,j)-((prp(i,j+1)-prp(i,j))*dz)/(2*miu*MR); 
                uzp(i,j)=uzp(i,j)-((prp(i+1,j)-prp(i,j))*drr)/(2*miu*MR); 
            end; 
        end; 
  
        %check residue 
        rsd=0; 
        for i=2:N-1 
            for j=2:Mp-1 
                r=(j-1.5)*drr; 
                rsd=rsd+abs((urp(i,j)+urp(i,j-1))/(2*r)+(urp(i,j)-urp(i,j-1))/drr+(uzp(i,j)-uzp(i-1,j))/dz); 
            end; 
        end; 
        rsd=rsd/(mp*n) 
        pp=pp+prp; 
        %update pressure 
        pp(1,:)=pp(2,:);     %no z flow on the wall 
        pp(:,1)=pp(:,2);     %symmetry 
        pp(N,:)=1e5; 
        pp(:,Mp)=pp(:,Mp-1); 
        %start to calculate fraction 
        for i=2:N-1 
            for j=2:Mp-2 
                r=(j-1.5)*drr; 
                rn=(j-1)*drr; 
                rs=(j-2)*drr; 
                a_px=(Dp*(rn+rs))/(r*drr*drr)+(2*Dp)/(dz*dz)+(rn*urp(i,j)-rs*urp(i,j-1))/(2*r*drr)+(uzp(i,j)-uzp(i-1,j))/(2*dz); 
                a_nx=(Dp*rn)/(r*drr*drr)-(rn*urp(i,j))/(2*r*drr); 
                a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,j-1))/(2*r*drr); 
                a_wx=Dp/(dz*dz)+uzp(i-1,j)/(2*dz); 
                a_ex=Dp/(dz*dz)-uzp(i,j)/(2*dz); 
                x_n=xp(i,j+1); 
                x_s=xp(i,j-1); 
                x_w=xp(i-1,j); 
                x_e=xp(i+1,j); 
                xp(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
            end; 
        end; 
         
        for i=2:N-1                   %the membrane row(top row) 
            r=(Mp-1-1.5)*drr; 
            rn=(Mp-1-1)*drr; 
            rs=(Mp-1-2)*drr; 
            a_px=(Dp*rs)/(r*drr*drr)+(2*Dp)/(dz*dz)+(0-rs*urp(i,Mp-1-1))/(2*r*drr)+(uzp(i,Mp-1)-uzp(i-1,Mp-1))/(2*dz); 
            a_nx=0; 
            a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,Mp-1-1))/(2*r*drr); 
            a_wx=Dp/(dz*dz)+uzp(i-1,Mp-1)/(2*dz); 
            a_ex=Dp/(dz*dz)-uzp(i,Mp-1)/(2*dz); 
            x_n=xp(i,Mp-1+1); 
            x_s=xp(i,Mp-1-1); 
            x_w=xp(i-1,Mp-1); 
            x_e=xp(i+1,Mp-1); 
            xp(i,Mp-1)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e-(rn*(-J1(i)))/(Cp*r*drr))/a_px; 
        end; 
        %update fraction 
        %left 
        xp(1,:)=xp(2,:);  
        %bottom symmetry boundary 
        xp(:,1)=xp(:,2);   %symmetry 
        %right side outlet  
        xp(N,:)=xp(N-1,:);   %full develops 
        %top 
        xp(:,Mp)=xp(:,Mp-1); 
    end;   %if residuel is smaller than a value, pressure modification is completed 
    %update density 
     
    %update velocity after last modification 
    uzp(:,1)=uzp(:,2);   %symmetry 
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    urp(N,:)=urp(N-1,:);   %full develops 
    uzp(N,:)=uzp(N-1,:);   %full develops 
     
    perm_imbalance=1; 
    while(abs(perm_imbalance)>0.00001) 
        for i=2:N-1 
            for j=2:Mp-2 
                r=(j-1.5)*drr; 
                rn=(j-1)*drr; 
                rs=(j-2)*drr; 
                a_px=(Dp*(rn+rs))/(r*drr*drr)+(2*Dp)/(dz*dz)+(rn*urp(i,j)-rs*urp(i,j-1))/(2*r*drr)+(uzp(i,j)-uzp(i-1,j))/(2*dz); 
                a_nx=(Dp*rn)/(r*drr*drr)-(rn*urp(i,j))/(2*r*drr); 
                a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,j-1))/(2*r*drr); 
                a_wx=Dp/(dz*dz)+uzp(i-1,j)/(2*dz); 
                a_ex=Dp/(dz*dz)-uzp(i,j)/(2*dz); 
                x_n=xp(i,j+1); 
                x_s=xp(i,j-1); 
                x_w=xp(i-1,j); 
                x_e=xp(i+1,j); 
                xp(i,j)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e)/a_px; 
            end; 
        end; 
         
        for i=2:N-1                   %the membrane row(top row) 
            r=(Mp-1-1.5)*drr; 
            rn=(Mp-1-1)*drr; 
            rs=(Mp-1-2)*drr; 
            a_px=(Dp*rs)/(r*drr*drr)+(2*Dp)/(dz*dz)+(0-rs*urp(i,Mp-1-1))/(2*r*drr)+(uzp(i,Mp-1)-uzp(i-1,Mp-1))/(2*dz); 
            a_nx=0; 
            a_sx=(Dp*rs)/(r*drr*drr)+(rs*urp(i,Mp-1-1))/(2*r*drr); 
            a_wx=Dp/(dz*dz)+uzp(i-1,Mp-1)/(2*dz); 
            a_ex=Dp/(dz*dz)-uzp(i,Mp-1)/(2*dz); 
            x_n=xp(i,Mp-1+1); 
            x_s=xp(i,Mp-1-1); 
            x_w=xp(i-1,Mp-1); 
            x_e=xp(i+1,Mp-1); 
            xp(i,Mp-1)=(a_nx*x_n+a_sx*x_s+a_wx*x_w+a_ex*x_e-(rn*(-J1(i)))/(Cp*r*drr))/a_px; 
        end; 
        %update fraction 
        %left 
        xp(1,:)=xp(2,:);  
        %bottom symmetry boundary 
        xp(:,1)=xp(:,2);   %symmetry 
        %right side outlet  
        xp(N,:)=xp(N-1,:);   %full develops 
        %top 
        xp(:,Mp)=xp(:,Mp-1); 
    % summary of permeate side 
    outlet_1=0; 
    permeation_1=0; 
    %check component 1 mass balance 
    for j=2:Mp-1 
        r=(j-1.5)*drr; 
        outlet_1=outlet_1+uzp(N-1,j)*xp(N-1)*2*pi*r*drr; 
    end; 
  
    for i=2:N-1 
        permeation_1=permeation_1+(J1(i)/Cp)*2*pi*rr*dz; 
    end; 
perm_imbalance=(permeation_1-outlet_1)/permeation_1 
end; 
     
    outlet=0; 
    permeation=0; 
    %check component 1 mass balance 
    for j=2:Mp-1 
        r=(j-1.5)*drr; 
        outlet=outlet+uzp(N-1,j)*2*pi*r*drr; 
    end; 
  
    for i=2:N-1 
        permeation=permeation+(J(i)/Cp)*2*pi*rr*dz; 
    end; 
     
permsource(kk)=1; 
if kk>1 
    permerror(kk)=(permsource(kk)-permsource(kk-1))/permsource(kk); 
end; 
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%record the permeation values that i need 
feed_sink(kk)=permeate_1; 
perm_source(kk)=permeation_1; 
kk=kk+1; 
  
end;     
     
save result 
 
% ------------------------------------------------------------------ 
function dydx = ODEfun(x,y) 
dydx = [y(2); (-(((47.8764E-08)*(y(1)^5)-(18.8114E-07)*(y(1)^4)+(20.0054E-07)*(y(1)^3)-(6.8250E-07)*(y(1)^2)+(11.1924E-08)*y(1)-(9.43369E-
10))*(-5e5*x+6e5)*(y(2)^2))-((((47.8764E-08)*(y(1)^5)-(18.8114E-07)*(y(1)^4)+(20.0054E-07)*(y(1)^3)-(6.8250E-07)*(y(1)^2)+(11.1924E-
08)*y(1)-(9.43369E-10))*(-5e5)*y(1)+2*(-5e5)*((7.97940E-08)*(y(1)^6)-(3.76228E-07)*(y(1)^5)+(5.00134E-07)*(y(1)^4)-(2.27499E-
07)*(y(1)^3)+(5.59619E-08)*(y(1)^2)-(9.43369E-10)*y(1)+(4.99306E-10))+((55.3193E-09)*(y(1)^5)-(12.1732E-08)*(y(1)^4)+(8.5085E-
08)*(y(1)^3)-(23.8777E-09)*(y(1)^2)+(3.8059E-09)*y(1)+(4.02584E-10))*(-5e5))*y(2)))/((-5e5*x+6e5)*((7.97940E-08)*(y(1)^6)-(3.76228E-
07)*(y(1)^5)+(5.00134E-07)*(y(1)^4)-(2.27499E-07)*(y(1)^3)+(5.59619E-08)*(y(1)^2)-(9.43369E-10)*y(1)+(4.99306E-10)))]; 
% ------------------------------------------------------------------ 
function bc = BCfun(ya,yb) 
global xf; 
global xp; 
global i; 
global Mp; 
bc = [ya(1)-xf(i,2);yb(1)-xp(i,Mp-1)]; 
 
 
Matlab codes for Chapter 4 and Chapter 5  
 
%initialization----------------------------------------------------- 
    clear 
    clc 
    close all 
    L0=input('Enter the distance from inlet to membrane (m): '); 
    L1=input('Enter the length of the first membrane (m): '); 
    Lg=input('Enter the distance of the membrane gap (m): '); 
    L2=input('Enter the length of the second membrane (m): '); 
    Lr=input('Enter the distance from retentate to membrane (m): '); 
    L=L0+L1+Lg+L2+Lr; 
    n=input('How many parts do you want to divide the module: '); 
    l=L/n; 
    r=input('Radius of the membrane (m): '); 
    R=input('Radius of the module (m): '); 
    S_f=pi.*(R.^2-r.^2); 
    S_p=pi.*(r.^2); 
    global Xf; 
    Xf=zeros(1,40); 
    global Xp; 
    Xp=zeros(1,40); 
    global i; 
    A=2*pi*r*l; 
    Fin=input('Feed flow rate (ml/min): '); 
    Fin=(Fin*0.001)/(24.45*60); 
    Xin1=input('Molar fraction of component 1: '); 
    Fin1=Fin*Xin1; 
    P1=input('Single gas permeablity of component 1 (mol/m^2 s Pa): '); 
    P2=input('Single gas permeablity of component 2 (mol/m^2 s Pa): '); 
    Pressuref=input('Absolute pressure at retentate (Pa): '); 
    Pressurep=input('Absolute pressure at outlet (Pa): '); 
    T=input('Temperature (C): '); 
  
    t=input('Time step (s): '); 
    V_f=S_f*l; 
    V_p=S_p*l;  
    Gas1=input('the first gas:  '); 
    Gas2=input('the second gas:  '); 
     
    switch Gas1 
      case 'H2' 
      M1=2.016; Sigma1=6.12; 
      case 'He' 
      M1=4.003; Sigma1=2.67; 
      case 'N2' 
      M1=28.0134; Sigma1=18.5; 
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      case 'CO2' 
      M1=44.00995; Sigma1=26.9; 
      case 'CO' 
      M1=28.0106; Sigma1=18.0; 
      case 'Ar' 
      M1=39.948; Sigma1=16.2; 
      case 'O2' 
      M1=31.9988; Sigma1=16.3; 
      case 'H2O' 
      M1=18; Sigma1=13.1; 
    end; 
     
    switch Gas2 
      case 'H2' 
      M2=2.016; Sigma2=6.12; 
      case 'He' 
      M2=4.003; Sigma2=2.67; 
      case 'N2' 
      M2=28.0134; Sigma2=18.5; 
      case 'CO2' 
      M2=44.00995; Sigma2=26.9; 
      case 'CO' 
      M2=28.0106; Sigma2=18.0; 
      case 'Ar' 
      M2=39.948; Sigma2=16.2; 
      case 'O2' 
      M2=31.9988; Sigma2=16.3; 
      case 'H2O' 
      M2=18; Sigma2=13.1; 
    end; 
     
Diffu_f=(0.0101*((T+273).^1.75)*((1/M1)+(1/M2)).^(1/2))./(Pressuref*((Sigma1).^(1/3)+(Sigma2).^(1/3)).^2); 
Diffu_p=(0.0101*((T+273).^1.75)*((1/M1)+(1/M2)).^(1/2))./(Pressurep*((Sigma1).^(1/3)+(Sigma2).^(1/3)).^2);  
  
F=zeros(1,n); 
Xf=zeros(1,n); 
Fdin=zeros(1,n); 
Fdout=zeros(1,n); 
Fp=zeros(1,n); 
Xp=zeros(1,n); 
Fpdin=zeros(1,n); 
Fpdout=zeros(1,n); 
Fp1=zeros(1,n); 
Fp2=zeros(1,n); 
j=1; 
Prssf(1:n)=Pressuref; 
Prssp(1:n)=Pressurep; 
C_f(1:n)=Pressuref/(8.314*(273+T)); 
C_p(1:n)=Pressurep/(8.314*(273+T)); 
  
  
  
%iteration--------------------------------------------------------- 
while((Fin*Xin1-F(n)*Xf(n)-Fp(n)*Xp(n))>((Fin*Xin1)/1000000)), 
  
Fp1(1)=0; 
Fp2(1)=0; 
F(1)=Fin-(Fp1(1)+Fp2(1)); 
  
miu=Xf(1)*17E-6+(1-Xf(1))*45E-6; 
Deltp=sqrt((16*miu*F(1)*8.314*(273+T)*l)/(pi.*(R.^2-r.^2).^2)); 
Prssf(1)=Prssf(2)+Deltp; 
  
Fdin(1)=0; 
C_f(1)=Prssf(1)/(8.314*(273+T)); 
Fdout(1)=(Diffu_f *(Xf(1)*C_f(1)-Xf(2)*C_f(2))*S_f)/l; 
DeltX=((Fin*Xin1+Fdin(1)-Fdout(1)-F(1)*Xf(1)-Fp1(1))*t)/(C_f(1)*S_f*l); 
Xf(1)=Xf(1)+DeltX; 
  
  
  
Fp(1)=0+(Fp1(1)+Fp2(1)); 
  
miu=Xp(1)*17E-6+(1-Xp(1))*45E-6; 
Deltp=sqrt((16*miu*Fp(1)*8.314*(273+T)*l)/(pi.*r.^4)); 
Prssp(1)=Prssp(2)+Deltp; 
  
C_p(1)=Prssp(1)/(8.314*(273+T)); 
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Fpdin(1)=0; 
Fpdout(1)=(Diffu_p*(Xp(1)*C_p(1)-Xp(2)*C_p(2))*S_p)/l; 
  
  
DeltX=((Fp1(1)+0+Fpdin(1)-Fp(1)*Xp(1)-Fpdout(1))*t)/(C_p(1)*S_p*l); 
Xp(1)=Xp(1)+DeltX; 
  
for i=2:(n-1) 
pst(i)=i*l-0.5*l; 
  
if ((pst(i)>L0)&(pst(i)<(L0+L1)))|((pst(i)>(L0+L1+Lg))&(pst(i)<(L0+L1+Lg+L2))) 
  
solinit = bvpinit(linspace(0,1,10),[0.5 0.5]); 
sol = bvp4c(@ODEfun,@BCfun,solinit); 
  
dl=0.025; 
nn=1/dl+1; 
  
x = [0:dl:1]; 
y = deval(sol,x);plot(x,y(1,:),'r-') 
  
p(1)=Prssf(i); 
p(nn)=Prssp(i); 
p=p(1):(p(nn)-p(1))/(nn-1):p(nn); 
xz=y(1,:); 
  
  
for k=1:nn 
    xp(k)=xz(k)*p(k); 
end; 
  
for k=1:nn-1 
xm(k)=xz(k); 
D12=(P1.^xm(k)).*(P2.^(1-xm(k))); 
B(1,1)=(1-xm(k))/D12+1/P1; 
B(1,2)=-xm(k)/D12; 
B(2,1)=-(1-xm(k))/D12; 
B(2,2)=xm(k)/D12+1/P2; 
D=inv(B); 
JH2(k)=-(D(1,1)-D(1,2))*((xp(k+1)-xp(k))/dl)-D(1,2)*(p(nn)-p(1)); 
JAR(k)=-(D(2,1)-D(2,2))*((xp(k+1)-xp(k))/dl)-D(2,2)*(p(nn)-p(1)); 
end; 
  
Fp1(i)=JH2(1)*A; 
Fp2(i)=JAR(1)*A; 
  
else 
Fp1(i)=0; 
Fp2(i)=0; 
end; 
  
F(i)=F(i-1)-(Fp1(i)+Fp2(i)); 
  
miu=Xf(i)*17E-6+(1-Xf(i))*45E-6; 
Deltp=sqrt((16*miu*F(i)*8.314*(273+T)*l)/(pi.*(R.^2-r.^2).^2)); 
Prssf(i)=Prssf(i+1)+Deltp; 
  
C_f(i)=Prssf(i)/(8.314*(273+T)); 
Fdin(i)=(Diffu_f *(Xf(i-1)*C_f(i-1)-Xf(i)*C_f(i))*S_f)/l; 
Fdout(i)=(Diffu_f *(Xf(i)*C_f(i)-Xf(i+1)*C_f(i+1))*S_f)/l; 
DeltX=((F(i-1)*Xf(i-1)+Fdin(i)-Fdout(i)-F(i)*Xf(i)-Fp1(i))*t)/(C_f(i)*S_f*l); 
Xf(i)=Xf(i)+DeltX; 
  
  
Fp(i)=Fp(i-1)+(Fp1(i)+Fp2(i)); 
  
miu=Xp(i)*17E-6+(1-Xp(i))*45E-6; 
Deltp=sqrt((16*miu*Fp(i)*8.314*(273+T)*l)/(pi.*r.^4)); 
Prssp(i)=Prssp(i+1)+Deltp; 
  
C_p(i)=Prssp(i)/(8.314*(273+T)); 
Fpdin(i)=(Diffu_p*(Xp(i-1)*C_p(i-1)-Xp(i)*C_p(i))*S_p)/l; 
Fpdout(i)=(Diffu_p*(Xp(i)*C_p(i)-Xp(i+1)*C_p(i+1))*S_p)/l; 
  
DeltX=((Fp1(i)+Fp(i-1)*Xp(i-1)+Fpdin(i)-Fp(i)*Xp(i)-Fpdout(i))*t)/(C_p(i)*S_p*l); 
Xp(i)=Xp(i)+DeltX; 
  
end; 
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Fp1(n)=0; 
Fp2(n)=0; 
F(n)=F(n-1)-(Fp1(n)+Fp2(n)); 
C_f(n)=Prssf(n)/(8.314*(273+T)); 
Fdin(n)=(Diffu_f *(Xf(n-1)*C_f(n-1)-Xf(n)*C_f(n))*S_f)/l; 
Fdout(n)=0; 
DeltX=((F(n-1)*Xf(n-1)+Fdin(n)-Fdout(n)-F(n)*Xf(n)-Fp1(n))*t)/(C_f(n)*S_f*l); 
Xf(n)=Xf(n)+DeltX; 
  
Fp(n)=Fp(n-1)+(Fp1(n)+Fp2(n)); 
  
C_p(n)=Prssp(n)/(8.314*(273+T)); 
Fpdin(n)=(Diffu_p*(Xp(n-1)*C_p(n-1)-Xp(n)*C_p(n))*S_p)/l; 
Fpdout(n)=0; 
  
DeltX=((Fp1(n)+Fp(n-1)*Xp(n-1)+Fpdin(n)-Fp(n)*Xp(n)-Fpdout(n))*t)/(C_p(n)*S_p*l); 
Xp(n)=Xp(n)+DeltX; 
  
  
Fin*Xin1-F(n)*Xf(n)-Fp(n)*Xp(n) 
Totaltime=j*t 
j=j+1; 
  
  
end; 
  
selectivity=P1./P2; 
  
separation_factor=(Xp(n)/(1-Xp(n)))/(Xf(n)/(1-Xf(n))); 
  
recovery=(Fp(n)*Xp(n))/(Fin*Xin1); 
  
component1_flow_rate=Fp(n)*Xp(n)*(24.45*60*1000); 
component2_flow_rate=Fp(n)*(24.45*60*1000)-component1_flow_rate; 
  
pstn(1)=0; 
xx(1)=Xin1; 
  
for i=1:n 
pstn(i+1)=i*l; 
xx(i+1)=Xf(i); 
end; 
  
plot(pstn,xx); 
 
% ------------------------------------------------------------------ 
function dydx = ODEfun(x,y) 
dydx = [y(2); (-(((47.8764E-08)*(y(1)^5)-(18.8114E-07)*(y(1)^4)+(20.0054E-07)*(y(1)^3)-(6.8250E-07)*(y(1)^2)+(11.1924E-08)*y(1)-(9.43369E-
10))*(-5e5*x+6e5)*(y(2)^2))-((((47.8764E-08)*(y(1)^5)-(18.8114E-07)*(y(1)^4)+(20.0054E-07)*(y(1)^3)-(6.8250E-07)*(y(1)^2)+(11.1924E-
08)*y(1)-(9.43369E-10))*(-5e5)*y(1)+2*(-5e5)*((7.97940E-08)*(y(1)^6)-(3.76228E-07)*(y(1)^5)+(5.00134E-07)*(y(1)^4)-(2.27499E-
07)*(y(1)^3)+(5.59619E-08)*(y(1)^2)-(9.43369E-10)*y(1)+(4.99306E-10))+((55.3193E-09)*(y(1)^5)-(12.1732E-08)*(y(1)^4)+(8.5085E-
08)*(y(1)^3)-(23.8777E-09)*(y(1)^2)+(3.8059E-09)*y(1)+(4.02584E-10))*(-5e5))*y(2)))/((-5e5*x+6e5)*((7.97940E-08)*(y(1)^6)-(3.76228E-
07)*(y(1)^5)+(5.00134E-07)*(y(1)^4)-(2.27499E-07)*(y(1)^3)+(5.59619E-08)*(y(1)^2)-(9.43369E-10)*y(1)+(4.99306E-10)))]; 
 
% ------------------------------------------------------------------ 
function bc = BCfun(ya,yb) 
global Xf; 
global Xp; 
global i; 
bc = [ya(1)-Xf(i);yb(1)-Xp(i)]; 
 
 
 
 
 
